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Abstract
During the merger of two galaxies, the resulting system undergoes violent relaxation
and seeks stable equilibrium. However, the details of this evolution are not fully un-
derstood. Before we address evolution, we examine two different classes of models that
describe equilibrium, or steady-state dark matter halos, in order to look for clues re-
garding the dynamical state of the halo. Both classes exhibit non-monotonic changes
in their density profile slopes which we call oscillations for short. We analyze these two
unrelated classes separately. Class 1 consists of systems that have density oscillations
and that are defined through their distribution function f(E), or differential energy dis-
tribution N(E), such as isothermal spheres, King profiles, or DARKexp, a theoretically
derived model for relaxed collisionless systems. Systems defined through f(E) or N(E)
generally have density slope oscillations. Class 1 system oscillations can be found at
small, intermediate, or large radii but we focus on a limited set of Class 1 systems that
have oscillations in the central regions, usually at log(r/r−2) . −2, where r−2 is the
largest radius where d log(ρ)/d log(r) = −2. We show that the shape of their N(E) can
roughly predict the amplitude of oscillations. Class 2 systems which are a product of
dynamical evolution, consist of observed and simulated galaxies and clusters, and pure
dark matter halos. Oscillations in the density profile slope seem pervasive in the central
regions of Class 2 systems. We argue that in these systems, slope oscillations are an
indication that a system is not fully relaxed. We show that these oscillations can be
reproduced by small modifications to N(E) of DARKexp. These affect a small fraction
of systems’ mass and are confined to log(r/r−2) . 0. We then proceed to investigate the
physical basis for these oscillations and the relationship with the dynamical state of the
halo. Using Illustris simulation, we probe two physically related processes, mixing and
relaxation. Though the two are driven by the same dynamics—global time-varying po-
tential for the energy, and torques caused by asymmetries for angular momentum—we
measure them differently. We define mixing as the redistribution of energy and angular
momentum between particles of the two merging galaxies. We assess the degree of mix-
ing as the difference between the shapes of their energy distributions, N(E)s, and their
angular momentum distributions, N(L2)s. We find that the difference is decreasing
iii
with time, indicating mixing. To measure relaxation, we compare N(E) of the newly
merged system to N(E) of a theoretical prediction for relaxed collisionless systems,
DARKexp, and witness the system becoming more relaxed, in the sense that N(E)
approaches DARKexp N(E). Because the dynamics driving mixing and relaxation are
the same, the timescale is similar for both. We measure two sequential timescales: a
rapid, 1 Gyr phase after the initial merger, during which the difference in N(E) of the
two merging halos decreases by ∼ 80%, followed by a slow phase, when the difference
decreases by ∼ 50% over ∼ 8.5 Gyrs. This is a direct measurement of the relaxation
timescale. Our work also draws attention to the fact that when a galaxy has reached
Jeans equilibrium it may not yet have reached a fully relaxed state given by DARKexp,
in that it retains information about its past history. This manifests itself most strongly
in stars being centrally concentrated. We argue that it is particularly difficult for stars,
and other tightly bound particles, to mix because they have less time to be influenced
by the fluctuating potential, even across multiple merger events.
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Chapter 1
Introduction
1.1 Galaxy formation and evolution
The study of galaxy formation and evolution includes a multitude of theories and de-
scriptions intended to explain the commonalities of galaxies and their properties that
we observe. We must be able to explain the various galactic properties we see such as
morphology or shape, luminosity, size, color or differences in stellar populations, the
environment in which the galaxy is found, and the presence of an active galactic nuclei
or evidence of a previous one. Among the questions this over-arching theory tries to
explain is:
• How are the first galaxies created?
• What is the relationship between baryons and dark matter?
• How do galaxies and halos grow and change over time?
In the early universe, gravitational instabilities are caused by perturbations in the
density field. The origin of these perturbations is generally thought to arise from quan-
tum mechanical effects but the understanding of the universe at this time is not com-
plete. Over-dense regions begin their runaway accumulation of matter through grav-
itational attraction. The change in density can be thought of as a density contrast
where
dρ
ρ
∝ tα where α > 0 describes the power law growth in an expanding universe.
1
2The linear regime of structure formation is defined by
dρ
ρ
 1. During this time, per-
turbation physical size grows with the expansion of the universe. Eventually around
dρ
ρ
∼ 1, the perturbation becomes over-dense enough to collapse against the universe’s
expansion and growth becomes strongly non-linear (Kashlinsky & Rees, 1983; Mo et al.,
2010). The outcome of this collapse is structure formation in the form of a dark mat-
ter halo that provides the potential to keep baryons bound and allow for them to cool
(Couchman & Rees, 1986; Abel et al., 2002; Yoshida et al., 2003). As gas cools, it can
eventually come to hydrostatic equilibrium within the dark matter halo. The end result
of this gas cooling is the accumulation of baryons in the centers of dark matter halos.
During gas cooling, we believe stars began to form as the inward flowing gas’ gravity
becomes dominant over the dark matter gravity. The gas cloud can fragment, forming
high density cores which are the seeds of the earliest galaxies and allow for initial star
formation conditions (Takeda et al., 1969; Fukugita & Kawasaki, 1994). Depending on
the formation conditions of the protogalaxy, the resulting galaxy may have one of the
observationally recognized morphologies (Eggen et al., 1962; Larson, 1974a, 1975, 1976;
Gott & Thuan, 1976; Searle & Zinn, 1978; Fall & Efstathiou, 1980).
Once these galaxies initially form, a number of influences can reshape and change
their structure and properties. Among the most prominent and well known are feedback
processes, dynamical evolution, and mergers. The two primary feedback mechanisms
are supernovae and active galactic nuclei (AGN). Supernovae create shocks and stellar
winds that can push material out of galaxies (Larson, 1974b) (recent simulations of su-
pernovae feedback are discussed later) if the energy is coupled to the interstellar medium
(ISM) efficiently. To explain the galaxy luminosity function faint end properly requires
the suppression of star formation and supernovae feedback is the leading explanation
(Wyithe & Loeb, 2013). AGN also release vast amounts of energy into the surround-
ing environment as super massive black holes accrete material from the galaxy and are
posited to provide feedback in the deepest potentials (Silk & Rees, 1998; Fabian, 1999).
AGN can deposit energy on the order of 10-103 times the binding energy of the galaxy.
The AGN’s ability to alter its environment comes from two primary mechanisms, en-
ergetic photons and massive particles. Photons produced from the AGN can provide
both radiation pressure and radiative heating, like Compton heating, to the surrounding
environment. Likewise, particles given off as jets or winds from the AGN can alter both
3the ISM, as well as the intergalactic medium.
Dynamically, internal to a galaxy, certain instabilities can also be present that al-
ter morphologies (Binney & Tremaine, 1987). Bar instabilities can ocur when certain
perturbation modes are present resulting in elliptical deformations of disks. Bending
instabilities effect stars that have significant velocities out of the plane of the disk, es-
pecially in the bar (Combes et al., 1990). Secular evolution describes the change in
morphology of a galaxy over long periods of time due, in part, to the effects dynami-
cal instabilities have on the mass distribution and angular momentum of disk galaxies
(Sellwood & Wilkinson, 1993).
In groups or clusters of galaxies, galaxies can be harassed by other cluster members.
Spiral galaxies are especially susceptible to disk destruction when cluster members un-
dergo near encounters (Farouki & Shapiro, 1982; Moore et al., 1996). Related is the fact
that during these high speed cluster encounters, galaxies undergo impulsive heating and
stars move to more unbound energies in which they are more likely to be expelled. Even
for stars that stay bound to the galaxy, their dynamic properties have changed often
changing the morphology of the galaxy. Dynamical friction can cause cluster member
galaxies to fall towards the deepest potential and eventually merge with the bright cen-
tral galaxy (BCG). This has the result that over time, the cluster loses its brightest and
largest satellite galaxies and the central galaxy acquires mass. Short of a full merger,
smaller satellite galaxies can undergo tidal stripping which can, in a sense, steal matter
from one galaxy and deposit it into the cluster. Gas can also be stripped out of a galaxy
due to friction as it orbits through the cluster, called ram pressure stripping (Gunn &
Gott, 1972). If a galaxy is stripped of its cold gas reservoir, star formation will cease.
Perhaps most important to the analysis of this work are the effects mergers have on
galaxies and halos. Mergers are an important driving force shaping halos and galaxies as
they grow. Toomre & Toomre (1972) used numerical simulations and to show that long
tails observed near galaxies could be produced by tidal interactions between galaxies,
and proposed the idea that elliptical galaxies are the remnants of mergers. Halo mergers
are usually described as minor or major depending on the mass ratio of the merging
halos. Mergers with near equal mass halos, 1 . M1/M2 . 3, are described as major,
and those with a dominant mass halo absorbing a smaller halo are labeled as minor. Of
particular interest within halo evolution are the effects mergers have on a halo’s final
4configuration. For example, massive elliptical galaxies around redshift z = 2 have been
found to be more compact than similar mass ellipticals in the local universe (Trujillo
et al., 2007; Buitrago et al., 2008; Cimatti et al., 2008; van Dokkum et al., 2008; Toft
et al., 2014). The disconnect between the abundance of high redshift compact ellipticals
and the lack of compact ellipticals in the local universe may indicate a growth with time,
or “puffing” up, as compact ellipticals evolve to their present day form through minor
mergers and continual accretion (van Dokkum et al., 2008; Naab et al., 2009; Barro et al.,
2013). The formation and evolution of these compact ellipticals are also not completely
understood. Recent efforts have used simulations to inspect their formation and found
gas rich major mergers between 2 < z < 4 as one of two proposed explanations, along
with early formation time (Wellons et al., 2015).
Finally, as galaxies age, the abundances of elements change through stellar nucle-
arsynthesis. This drives the chemical evolution of galaxies when heavier elements are
produced in greater quantities (Arnett, 1978; Renzini & Voli, 1981).
The focus of this body of work will be on the details of dark matter halos. As
stated above, current theory describes how galaxies formed in the potential wells of
dark matter halos during hierarchical structure formation. The structure and dynamics
of these halos can provide understanding of the processes involved in galaxy formation
and evolution as well as the nature of dark matter. Of particular interest are the
central regions of halos where many competing and complementary processes between
dark matter and baryons (and each type of matter with itself) shape galaxies. We will
look at the central regions to describe the dynamical state of halos. Within the regions,
as described above, a complex mixing of physical processes compete.
Central baryons often produce a change in the density slope of these systems, that
marks the transition from the baryon-dominated central region to the rest of the halo
(see Figure 6.5). This feature, which we call an ‘oscillation’, should be erased as the halo
becomes completely relaxed. A recent compilation of models fit to clusters presented in
Beraldo e Silva et al. (2013) show no such features present. This supports the idea that
if the systems we study have such features, they must be erased by the time the halo
becomes fully relaxed. The persistence of this baryon/dark matter transition implies
that the relaxation in the central parts is incomplete.
5This transition region will first be investigated in Chapters 2 and 3 where we focus
on the density profiles and energy distributions of observational and simulated systems.
These Chapters will be introduced below. As in Lynden-Bell (1967), we assume the
process of violent, or collisionless relaxation is driven by particles exchanging energy
with the time-varying global potential. The final configuration produced by this violent
relaxation, if given enough time, will be a fully relaxed system. A fully relaxed system
should not contain any information about its past history and assembly, and its particles
should not exchange energy or angular momentum. We consider a system relaxed if its
energy distribution follows that of DARKexp (see below). Why halos do not fully relax
is one question we would like to investigate with the analysis in Chapters 5 and 6.
1.2 N-body simulations
Studies of galaxy formation and evolution are often performed with N-body simula-
tions to capture the histories of structures like halos, that obviously cannot be directly
followed over their billion-year timescales. Within these simulations, particles interact
with their positions and velocities completely known. This provides an excellent tool
for investigating the time evolution of halo structure and dynamics.
Initial N-body simulations studied the dynamic evolution of many body systems un-
der the influence of only gravity. They have been used to study a variety of dynamical
systems in astronomy from planet formation (Cox & Lewis, 1980; Beauge´ & Aarseth,
1990) and star cluster dynamics (Giersz & Heggie, 1997; Hurley et al., 2001; Hurley
& Mackey, 2010), to large scale structure formation (see citations in following para-
graphs). Simulation results can also be used to probe other aspects of cosmology. For
example, simulations have also been used to make predictions for direct detection of dark
matter, which rely on the scattering of weakly interacting massive particles (WIMPs)
(Vogelsberger et al., 2009). The halo dark matter velocity distribution and density are
specifically applicable to the direct detection of dark matter on Earth. Experiments
like CDMS (Akerib et al., 2004), PICO (Amole et al., 2016), CRESST (Angloher et al.,
2002), and their successors need to model the total flux at Earth of WIMPs to predict
what signals may look like. The recoil spectrum is modeled as a function of two dark
matter properties, the halo density and the velocity distribution. The halo density can
6be inferred from observations and simulations, but the velocity distribution has little to
no observational basis and is generally determined from simulations (Lewin & Smith,
1996). However, it is the formation and evolution of dark matter halos that will be
investigated in this body of work.
N-body simulations provide important insights into dark matter halo structure.
These simulations show a near universal distribution of dark matter in halos, that is
well described by phenomenological models over a few decades in radius (Navarro et al.,
2004; Stadel et al., 2009). These models are used in a wide variety of applications where
the mass and distribution of that mass is needed. Apart from halo structure, simula-
tions provide a tool to investigate halo dynamics through the properties of the dark
matter particles and their distribution functions (Natarajan et al., 1997; Dehnen, 2005;
Vass et al., 2009; Wojtak et al., 2008) as well as relationships between dynamics and
structure (Tonini et al., 2006). Simulations have also shown relationships between halo
properties such as density, velocity dispersion, velocity distribution function, and ve-
locity anisotropy (Taylor & Navarro, 2001; Hansen, 2009; Munari et al., 2013; Williams
et al., 2014). Additionally, several connections between galaxies and the halos they
occupy have been probed through halo occupation modeling which generally relates a
dark matter halo mass to the number and types of galaxies that occupy it (Kauffmann
et al., 1997; Seljak, 2000; Hearin et al., 2016; vandenBosch et al., 2016; Shi et al., 2016).
As computational power has improved, allowing for marked increase in simulation
complexity and resolution, additional physics has been added to these simulations to
try to model nature more accurately. Specifically, baryons and their physics have been
introduced to investigate the co-evolution of dark matter and baryonic matter structures
(Gnedin et al., 2004; Pedrosa et al., 2009; Duffy et al., 2010; Brook et al., 2012; Sawala
et al., 2013; Cusworth et al., 2014; Cintio et al., 2014; Velliscig et al., 2014; Sawala et al.,
2015; Schaller et al., 2015). With the introduction of hydrodynamical cosmological
simulations, greater understanding in a variety of topics that were outside the reach
of gravitational N-body simulations can be investigated. Physics of gas flows and the
cluster galactic medium, topics that were previously studied with N-body simulations
through semi-analytic modeling of baryonic physics at galactic scales applied on top of
dark matter only simulations, can now be studied directly.
Specific to the topics investigated in this work, baryons are important for several
7reasons, as baryonic processes can alter the distribution of matter, especially in the
central regions of halos (Navarro et al., 1996; Gnedin & Zhao, 2002; Read & Gilmore,
2005; Mashchenko et al., 2008; Pontzen & Governato, 2012; Teyssier et al., 2013; Nipoti
& Binney, 2015; On˜orbe et al., 2015; Read et al., 2016). Baryons can condense through
radiative cooling and conversely, their density can decrease through feedback from active
galactic nuclei or star formation. The central regions of halos have unique physics and
properties (Xu et al., 2017) because of these various processes. It is these structures
that we will probe over a galaxy’s lifetime.
There is increasing motivation to undertake large hydrodynamical cosmological sim-
ulations as recent observational surveys have provided an explosion of data on galaxy
properties and snapshots of the different points in galactic evolution. Such an abun-
dance of information has provided ever finer constraints in which the theory of galaxy
formation and evolution must agree (The Illustris Collaboration, 2017). Large hydro
simulations allow us to investigate these constraints with precision and with the statis-
tics necessary to make meaningful inferences.
The simulation we will use to investigate merger-driven halo evolution in Chapters
5 and 6, is Illustris. Illustris is a suite of hydrodynamical N-body simulations of galaxy
formation (Vogelsberger et al., 2015). General parameters of the Illustris simulations
are given in Table 1.1. The simulations use WMAP-9 cosmological parameters. The
specific simulation we will analyze later, Illustris-1, contains dark matter particles as
well as baryons in the form of stars and gas. The simulation also tracks supermassive
black holes, but they are not considered in this analysis below because their mass is
a small fraction of the halo central region’s mass (∼ 10−4M200 for halos at z = 0).
Illustris-1 is the highest resolution of the Illustris simulations and contains 2 × 18203
total particles in a (106.5Mpc)3 volume (Vogelsberger et al., 2014). As the simulation
evolves, halos are identified with a friend-of-friend (FoF) algorithm (Davis et al., 1985).
The FoF algorithm uses a linking length, b, that links particles in a halo such that the
distance of particles at the boundary of such a linked object is smaller than the linking
length. This serves as a density cutoff to define the edge of such structures. A benefit
of using this method is that each particle in an N-body simulation can be identified
as belonging to only one structure or group, because FoF groups do not overlap. FoF
groups comprise the halo set of Illustris. For Illustris-1, b = 0.2, and the FoF groups
8are initially assigned to only the dark matter particles and baryons are attached to the
same group as their nearest dark matter particle.
Illustris halos are made up of subhalos and diffuse particles not belonging to a sub-
halo. The gravitationally bound substructures are found using the SUBFIND algorithm
(Springel et al., 2001; Dolag et al., 2009). These subhalos are locally over-dense, self-
bound particle groups found within the larger halo structure. Merger trees are calculated
using a SubLink algorithm and provide merger histories for subhalos (Rodriguez-Gomez
et al., 2015).
Merger trees follow subhalo evolution. Each subhalo is given a unique descendant in
the subsequent snapshot that is consistent with hierarchical structure formation. These
descendant subhalos are picked by identifying which subhalos in the next snapshot
contain the same particles as the subhalo we are trying to find a descendant for. Each
one of these candidates is assigned a score based on the merit function
χ =
∑
j
R−1j ,
where Rj is the binding energy rank of the particles in question. Maximizing the merit
function determines which candidate is the descendant. Knowing all of the descendants
along with the initial subhalo, called the first progenitor, defines the merger trees.
Illustris-1 is split into 134 different snapshots ranging in redshift from z = 46.77 to
z = 0 (although the simulation starts at z = 127) totaling 192.6 TB of data. The first
FoF halos are not identified until snapshot 13 or z = 25.17 at a cosmic age of 0.132 Gyrs.
By z = 0, there are over 6 × 108 halos. Illustris data was made public for download
through their API (Nelson et al., 2015).
Our goal is to describe the merger process in Illustris halos and galaxies by looking
at the evolution of energy and angular momentum distributions with a focus on post-
merger relaxation. We also investigate changes in the structure of the halo to further
explore the connection between dynamics and structure. Chapter 4 compares a z = 0
Illustris halo’s properties with that of a spherical isotropic halo.
9name volume DM particles / hydro cells / baryon/DM mbaryon/mDM r
min
cell
[(Mpc)3] MC tracers [pc] [105M] [pc]
Illustris-1 106.53 3× 1, 8203 ∼= 18.1× 109 710/1,420 12.6/62.6 48
Illustris-2 106.53 3× 9103 ∼= 2.3× 109 1,420/2,840 100.7/501.0 98
Illustris-3 106.53 3× 4553 ∼= 0.3× 109 2,840/5,680 805.2/4008.2 273
Illustris-Dark-1 106.53 1× 1, 8203 710/1,420 -/75.2 -
Illustris-Dark-2 106.53 1× 9103 1,420/2,840 -/601.7 -
Illustris-Dark-3 106.53 1× 4553 2,840/5,680 -/4813.3 -
Table 1.1: The initial conditions assume a ΛCDM cosmology consistent with WMAP-9
measurements, from which a linear power spectrum is used to create a random realiza-
tion in a periodic box with side length 75 Mpc/h = 106.5 Mpc, at a starting redshift
of 127. A series of simulations are run at different resolutions, and a second set is run
with only dark matter. The main simulation initially has 18203 = 6, 028, 568, 000 hy-
drodynamic cells, and the same number of DM particles and MC tracers (see table for
more details, including mass resolutions and gravitational softening lengths). Evolving
the main simulation to z=0 used 8,192 compute cores, a peak memory of 25 TB, and 19
million CPU hours. Figure and caption taken from (The Illustris Collaboration, 2017).
1.3 Density slope oscillations
The distribution of dark matter in galaxies and clusters of galaxies is well described by
ΛCDM numerical N-body simulations of cosmological structure formation and evolution.
These simulations produce near universal dark matter halo radial density profiles over
a few decades in radius (Navarro et al., 2004; Stadel et al., 2009). In general, the
Navarro-Frenk-White (NFW) profile (Navarro et al., 1997) provides a good fit to density
profiles of equilibrium dark matter halos (Tasitsiomi et al., 2004; Diemand et al., 2004,
2005a,b; Navarro et al., 2010; Diemand & Moore, 2011; Ludlow et al., 2011). However,
there are some discrepancies between simulations and observations. For example, the
core/cusp problem (Flores & Primack, 1994): N-Body simulations produce cuspy central
density profiles (Dubinski & Carlberg, 1999), well fit by the NFW profile, while some
observations show core like centers in dark matter dominated systems, like dwarf galaxies
(Pontzen & Governato, 2014; Weinberg et al., 2015).
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Class 1 Systems
DARKexp profiles (Hjorth & Williams, 2010) N() = A[eφ0− − 1]
Polytrope (Medvedev & Rybicki, 2001; Fe´ron & Hjorth, 2008) f() = An−3/2, n = 5± η (η << 1), n > 5
Isothermal Sphere (IS) (Binney & Tremaine, 1987) f() = ρ0
(2piσ2)3/2
e/σ
2
Lowered Isothermal Models (Gieles & Zocchi, 2015) f(E, J2) = A exp
(
− J
2
2r2as
2
)
Eγ
(
g,−E − φ(rt)
s2
)
King profiles (King, 1966) f() = ρ1(2piσ
2)−3/2(exp(/σ2)− 1)
Class 2 Systems
SDSS elliptical galaxies (Chae et al., 2014)
Massive galaxy clusters (Newman et al., 2013)
GHALO12 ( = 61.0pc) (Stadel et al., 2009)
Via Lactea 21( = 40.0pc) (Diemand et al., 2008)
EAGLE2 ( = 700pc) (Schaye et al., 2015)
Non Oscillating Systems
Hernquist profiles (Hernquist, 1990) ρ(r) = M2pi
a
r
1
(r+a)3
Polytrope (Medvedev & Rybicki, 2001; Fe´ron & Hjorth, 2008) ρ(r) = ρcΨ
n e.g. Ψ0 = 1− r2/6, Ψ1 = sin r
r
, Ψ5 = (1 +
1
3
r2)−1/2
NFW and gNFW profiles (Navarro et al., 1997) ρ(r) =
ρs
(r/rs)α(1 + r/rs)3−α
Einasto profiles (Einasto, 1965) ρ(r) = ρs exp{−bn[(r/rs)1/n − 1]}
Navarro et al. (2004) profiles1,2
Millennium-II2 ( = 1370pc) (Boylan-Kolchin et al., 2009)
Aquarius2(AQ-1  = 20.5pc) (Springel et al., 2008)
Table 1.2: An incomplete list of density profiles. Class 1 systems consist of systems defined through a physics based
approach that have density slope oscillations. Class 2 systems are dynamically evolved systems with density slope
oscillations. Note that polytropic models can produce oscillations or no oscillations in density slope depending on the
polytropic index, n. A raised 1 indicates the base code is PKDGRAV while a raised 2 indicates GADGET. EAGLE
also includes hydrodynamics to account for baryonic effects. Equations for distribution functions or differential energy
distributions and density profiles are given when appropriate.
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In Chapters 2 and 3, we concentrate on an aspect absent from NFW and other
phenomenological models of halo density. A close inspection of halo density profiles
from N-body simulations, and profiles obtained from observational data shows that at
small radii, both observations and high resolution simulations often exhibit oscillatory
behavior in radial, total mass density profiles. Though we call them oscillations, no time
evolution is implied; these are time-stationary features. This can be seen in the dark
matter galactic evolution simulations GHALO and Via Lactea 2, as well as dark matter
plus hydrodynamics simulations (Remus et al., 2013; Diemand et al., 2008). Nuclear
star clusters also represent oscillations in density within the host galaxy (Merritt, 2009;
Bo¨ker et al., 2002). Observational data presented by Newman et al. (2013) of galaxy
clusters, Sloan Digital Sky Survey (SDSS) elliptical galaxies presented by Chae et al.
(2014), and density profiles of luminous red galaxies based on satellite kinematics (Tal
et al., 2012) show oscillations in their central regions. For example, Figure 1.1 shows
the density profiles of seven equilibrium galaxy clusters presented in Newman et al.
(2013). The density slope interior to log(r/r−2) ∼ 0 is changing non-monotonically, i.e.
oscillating. The x-axis is normalized by the largest radius value where the density slope
is γ = 2, where γ = −d log ρ/d log r, and is called r−2. The r−2 convention is used, since
in some systems, like DARKexp, the virial radius is not defined (Williams & Hjorth,
2010). The Newman et al. profiles are built from strong and weak gravitational lensing
observations along with resolved stellar kinematics within the bright central galaxies to
produce the radial density profiles that include both dark and baryonic matter. Their
profiles consist of two main components: the dark matter halo and the stars in the
bright central galaxy. For the dark matter halo, a generalized NFW (gNFW) profile is
used, which gives the profile its γ = 3 large radii behavior.
The origins of oscillations in density profiles of equilibrium systems have not been
investigated in depth. Density profiles that are monotonic in logarithmic density slope
by construction, like NFW and Einasto (Einasto, 1965), are able to capture the general
shape of halo density curves but do not capture the oscillation features in density at
small radii.
In Chapters 2 and 3, we will not address the physical reasons behind incomplete
relaxation; instead, we will provide support for the incomplete relaxation interpretation
of the density slope oscillations, through two lines of argument. First, we will show
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Figure 1.1: Density profiles for seven massive, equilibrium galaxy clusters presented in
Newman et al. (2013). The density oscillations are the deviations from a monotonically
changing slope in the region log(r/r−2) < 0. The x-axis is normalized by the radius
value where the density slope is γ = 2 and is called r−2. The y-axis is normalized by
the value of the density at γ = 2, and is called ρ−2. The dashed parallel lines serve as
guidelines to better find the oscillations and highlight the region of interest.
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that the differential energy distributions of the oscillating density slope systems deviate
slightly, and in a simple way from those of fully relaxed systems, namely DARKexp.
Second, we will show that similar, but smaller amplitude slope oscillations are also
present in some high resolution pure dark matter simulated halos, and that these have
differential energy distributions that differ from that of DARKexp in a similar way
to the observed systems described above. Since baryonic effects cannot be invoked
to explain oscillating density features in these simulations, it follows that baryons do
not provide the full explanation in observed systems either. To put it differently, we
argue that density slope oscillations seen in observed systems and pure dark matter
simulations have a common origin: both are indicators that the central regions of these
systems, though in stable equilibrium, are not fully relaxed. A fully relaxed system does
not contain any information about its past history and assembly, and so should look
similar to DARKexp, which does not have density slope oscillations in the radial range
−2 < log(r/r−2) < 0.
We call the observed and simulated systems discussed in the last three paragraphs
dynamically evolved, because that is how they arrived at their present state, through
dynamical evolution to reach their present, near steady-state configuration. Our analysis
related to them (Class 2 systems) is presented in Chapter 3. However, we start our
discussion of density slope oscillations in Chapter 2 by addressing a very different set of
density profile models; those that were arrived at through a mathematically formulated,
physics-based argument or principle. We call these Class 1 systems. Examples include
isothermal spheres, DARKexp (at radii log(r/r−2) < −2), and certain polytropes. The
reasons for these exhibiting density slope oscillations is different than the dynamically
evolved systems mentioned above.
Class 1 physics-based models are obtained as derivations or arguments in terms of
f(E) or N(E), i.e. quantities that involve the full dynamics, and not just the configu-
ration space: they are never formulated as density profiles. It appears that monotonic
shapes in f(E) and N(E) generically lead to non-monotonic γ(r) for these systems.
This is unlike phenomenological density slope profiles that are monotonically changing
in log space by construction and contain parameter(s) that are optimized by fitting to
the smooth, circularly averarged density profiles. These do not have any density slope
oscillations by design. We recognize that there are exceptions to our classification. For
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example, polytrope of n = 5 (Plummer sphere), whose density profile slope does not
oscillate is a physics-based system. Exceptions notwithstanding, our goal is to show
that oscillations in physics-based models are not an unusual occurrence.
A non-exhaustive list of different models and data with oscillating and non-oscillating
density profile slopes is presented in Table 1.2. For simulations, the basic source code
is identified and the softening parameter is listed. Note that for the simulation profiles,
the oscillations happen at radii larger than the softening parameter. Equations for
the differential energy distribution or the distribution functions of Class 1 systems and
for density profiles in the non-oscillating list are given when appropriate. The density
profiles of non-oscillating systems in Table 1 do not have simple analytic expressions for
their f(E) and N(E), with the exception of some polytropes. Likewise, Class 1 systems
usually do not have analytic expressions for their density profiles.
While these profiles are spherically symmetric, it is important to note that actual
systems could look different in three dimensions; they could have some ellipticity and
substructure. Ellipticity means that there are density anisotropies along certain radial
directions. Radial perturbations do not map to oscillations because the latter are tan-
gential perturbations in the density profile. We discuss substructure at the beginning
of Chapter 3.
To summarize, not all density slope oscillations are the same; we identify two classes
of systems that possess density slope oscillations: Class 1 are the ones seen in models
based on physical arguments that appear to exist because most f(E) and N(E) lead to
density profiles with non-monotonic slopes, while Class 2 systems are the ones seen in
dynamically evolved systems that are likely to arise from incomplete relaxation. The
two causes of oscillations seem to be unrelated, and so can be “superimposed” in a
single system. Furthermore, as we discuss in the following Chapters, the two classes of
oscillations affect different radial ranges in the density profiles, so they can be easily
distinguished. We note that similar oscillation-like features in the density profile slope
are present in pure dark matter halos, where they also point to departures from a fully
relaxed state (Young et al., 2016).
In Chapter 2, we explore additional energy distributions that, while not being based
on physical arguments, are defined through f(E) or N(E) and characterize the oscilla-
tions they produce. We then use DARKexp as a basis for fitting a model to observed
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and simulated density profiles in Chapter 3. Because Class 1 and 2 systems with density
slope oscillations are unrelated, Chapters 2 and 3 are largely independent of each other.
The basis for most of our comparisons in later Chapters comes from a theoretical
model called DARKexp. We will properly introduce it next.
1.4 DARKexp
DARKexp is a physics-based, equilibrium statistical mechanical theory of collisionless
(infinite N) self-gravitating dark matter systems (Hjorth & Williams, 2010; Williams &
Hjorth, 2010). Its differential energy distribution is given by
N() ∝ exp(φ0 − )− 1 (1.1)
where φ0 is the dimensionless central potential and  is the dimensionless particle energy.
φ0 and  can be related to Φ0 and E, the potential energy and total energy respectively:
φ0 = βΦ0 and  = βE. β is the inverse temperature. It is important to note that
DARKexp is not a phenomenological model, and that it has only one shape parameter,
φ0.
The derivation of DARKexp follows similar statistical mechanics arguments as the
derivation of Maxwell-Boltzmann distribution, starting with a description of the total
number of states, given by
W = N !
∏
i
gnii
ni!
. (1.2)
We follow the derivation given in Hjorth & Williams (2010) and apply the countinuous
limit, use Γ(n + 1) = n!, and extremize the total number of states while keeping the
total energy and the total number of particles fixed. This will eventually lead to
n = g exp(−α− βE), (1.3)
where α and β are lagrange multipliers associated with the fixed total number of particles
and total energy constraints, respectively. But the derivation of DARKexp deviates
from that of Maxwell-Boltzmann in two important ways. The first is that the system is
described in total orbital energy space instead of the traditional position and velocity
6-D phase space. This is because particles in a collisionless system retain their energy
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in contrast to those in collisional systems. This results in equation 1.3 being changed
to indicate the number of particles with a given energy, indicated by
N(E) ∝ exp(−βE). (1.4)
The second point is that low occupancy numbers of the energy state space are treated
more accurately with a better representation of n! than the Stirling approximation. The
resulting expression, mentioned above, is
N() = A(exp[φ0 − ]− 1) (1.5)
where A is determined by the mass of the system and the other parameters have the
same definition as equation 1.1.
While the energy distribution of DARKexp is analytically known, the resulting den-
sity profile must be calculated numerically through iteration (Binney, 1982; Williams &
Hjorth, 2010). The small radii density behavior of DARKexp can be approxiamted as
ρ(r) ∝ r−1 which recreates the density cusps produced in N-body simulations. DARK-
exp provides excellent fits to simulated and observed dark matter halo energy distribu-
tions and density profiles (Beraldo e Silva et al., 2013; Hjorth et al., 2015; Umetsu et al.,
2016; Nolting et al., 2016; Young et al., 2016). The DARKexp asymptotic density slope
is −1 (γ = 1) as r → 0 for all central potentials, but the slopes do not monotonically
approach −1. See Figure 1.2, where we plot the density slope, γ. Depending on the cen-
tral potential value, φ0, DARKexp can have the density profile slope range (0<∼ γ <∼ 2)
seen in the above mentioned simulations and observations, at radii −2<∼ log(r/r−2)<∼ 0.
At these radii, DARKexp profiles that closely resemble physical systems (those with
2<∼φ0<∼ 8) do not exhibit slope oscillations while observed and simulated systems do;
for example, see Figure 1.1.
Because the oscillations in DARKexp versus those in dynamically evolved systems
occur at different radii, there is little chance of confusing them. This can be seen in
Figure 1.3 where the density slope profile of DARKexp with φ0 = 4.0 and data from
the simulation Via Lactea 2 are plotted together. The Via Lactea 2 oscillations are in
the radial range −2 < log r/r−2 < 0. At radii smaller than log(r/r−2) ∼ −2, DARKexp
profiles begin to oscillate. However, these small radii are currently inaccessible to either
observations or high resolution simulations. We will return to DARKexp oscillations in
Chapter 2.
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Figure 1.2: DARKexp density profile
slopes for several central potentials.
From top to bottom at log(r/r−2) =
−1, the halo potential depths are φ0 =
8.0, 7.0, 6.0, 4.0, 3.0, 2.55. The horizon-
tal axis is normalized to the radius, r−2,
where the density slope is γ = 2.
Figure 1.3: Density slope profile for
DARKexp with φ0 = 4.0 and data from
the simulation Via Lactea 2. Note the
different amplitudes and radial regions
where the oscillations are present. The
Via Lactea 2 oscillations are in the ra-
dial range −2 < log r/r−2 < 0.
Presumably, the oscillations extend into smaller radii but the numerical resolution
of the code that produced Figure 1.2 becomes the limiting factor and numerical effects
start to dominate on average shortly after log(r/r−2) ∼ −4.5, although this appears to
be φ0 and code resolution dependent.
1.5 Dynamics of merging
One of our main goals in Chapters 5 and 6 will be to understand the departures of a
halo from a fully relaxed state, and use these departures to provide insight into the
dynamical state of the system during and after a merger. Previous work has proposed
ideas related to incomplete relaxation, including distribution function and energy distri-
bution features related to assembly history (Vogelsberger et al., 2009), and incomplete
relaxation based on energy (Hjorth & Madsen, 1991).
Related to relaxation is the process of mixing, which we will also track in subsequent
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Chapters. The mixing we will discuss is different from the phase space mixing presented
in Tremaine et al. (1986), as ours involves the mixing in energy and angular momentum
between particles in two merging halos. We say that the particles of two merging halos
are mixing in energy if the two sets of particles’ energy distributions are approaching
the same shape following the merger. The dynamics causing mixing and relaxation are
the same; the difference in how we measure the two is described in Chapter 5.
What distinguishes our work from others on similar topics is that we judge the
relaxation state by comparing simulation results to the fully relaxed DARKexp model.
Because the prediction is in terms of energy (E), we use energy and angular momentum
squared (L2) in our analysis, and not phase-space or configuration space parameters.
As all energy distributions, DARKexp N(E) is insensitive to velocity anisotropy,
meaning that while derived from isotropic assumptions, it should also describe anisotropic
halos. This will allow us to fit DARKexp N(E) to Illustris halo energy distributions.
Previous work has extended DARKexp N(E) to include angular momentum in the dis-
tribution, to provide a more complete dynamical description of systems (Williams et al.,
2010, 2014) and we further investigate the halo N(E,L2) in our analysis below.
Chapters 5 and 6 study the redistribution of particles’ E and L2 during the merger
process to understand the halo’s approach to a relaxed state after a merger. We would
like to address (i) how does this happen, and (ii) how fast does it happen. In Chapter 5,
we show how dark matter particle energy and angular momentum change by studying
their redistribution during the merger history of an Illustris halo. We then devise metrics
to quantify mixing and relaxation of the dark matter halo, and address how merging
dark matter particles deepen in the potential well as they are absorbed by the main
halo. Chapter 6 focuses on the role of baryons during relaxation. We then quantify how
the central region of the halo evolves in the context of the halo as a whole.
Chapter 7 investigates a characteristic transition radius for the central regions of
the halo, rt (to be defined in Chapter 6), across the largest 250 halos in Illustris-1 at
z = 0. We will investigate correlations among halo properties like mass and size as well
as merger history to the value of rt.
Chapter 2
Density oscillations in systems
defined by f(E) and N(E)
Chapter 2 is comprised of material from a stand alone publication first published in the
Journal of Cosmology and Astroparticle Physics and can be found at
http://adsabs.harvard.edu/abs/2016JCAP...05..010Y.
In this Chapter, we expand on our assertion that systems obtained from some phys-
ical argument, instead of being dynamically evolved, usually exhibit density slope os-
cillations. We also investigate if there is a link between the amplitude of oscillations in
density profile slope and the shape of N(E).
The key aspect of physics-based systems is that their mathematical description is
always for f(E) or N(E), and never for the density profile. Examples are (see Table
1.2): isothermal spheres, whose f(E) is an exponential in energy, and whose equation of
hydrostatic equilibrium is the same as that of isothermal gas; polytropes, whose f(E)
is a power law in energy, and they represent self-gravitating spheres with a polytropic
equation of state, and DARKexp, whose derivation is described in Chapter 1.4.
All above examples, as well as other examples of physics-based models have simple
analytical expressions for either f(E) or N(E). This is their distinguishing feature. On
the other hand, non physics-based models have either very complicated expressions for
f(E) or N(E) because they were obtained from ρ(r) (like Hernquist, 1990), or do not
have analytical expressions at all (like NFW and Einasto).
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While all the Class 1 systems in Table 1 oscillate, not all do so at small radii. Poly-
tropes at n around 5 have density slope oscillations at large radii (Medvedev & Rybicki,
2001), while isothermal spheres have them at intermediate radii (Binney & Tremaine,
1987). Because the model that represents relaxed collisionless systems, DARKexp, has
oscillations at very small radii, we are mostly interested in small radius oscillations,
and therefore we decided to use simple functional forms of N(E) that produce density
profiles which oscillate at small radii.
We chose two functional forms:
N() ∝ (φ0 − )1/α (2.1)
and
N() ∝ eφ0−(φ0 − )1/α (2.2)
where φ0 is a dimensionless central potential found in DARKexp and α is a free param-
eter.
Though these N(E) are not a result of a physical principle or argument, they share
one key aspect with isothermal spheres, polytropes, and DARKexp: they are defined
through simple expression of f(E) or N(E). We now show that for these systems,
density slope oscillations are common and that the shape of N(E) can approximately
predict the “strength” of oscillations of the corresponding density profiles.
Two sample profile collections are shown in Figure 2.1 and Figure 2.2 and represent
equation (2.1) and equation (2.2), respectively; both assume a central potential of φ0 =
4.0. The range of α values ensured convergence given the code’s resolution in radius.
For all the α values for each energy distribution, the density seems to oscillate about
the expected small radii behavior given in Hjorth & Williams (2010), which is ρ ∝ rα−2,
but with different amplitudes.
To quantitatively assess the density profiles, we created an oscillation parameter,
κ. We will use κ to quantify oscillations as it gauges the difference between the profile
slope and its asymptotic small radius behavior. Since ρ ∝ rα−2, this would mean
γ ∝ 2 − α at small radii in log space. κ is defined as the enclosed area between the
density profile slope, γ, and the requisite baseline 2 − α. κ was calculated over one
complete oscillation for each α value. One oscillation is counted as crossing the small
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Figure 2.1: Density profile slopes created from energy distributions given by N = (φ0−
)1/α with φ0 = 4.0. The values of α span a range that provides numerical convergence
in the code. The higher the value of α, the larger the oscillation in density profile.
From top to bottom at log(r/r−2) = −1, α = 0.38, 0.40, 0.50, 0.60, 0.70, 0.75, 0.80, 0.81.
The asymptotic log-log density profile slope at small radii is given by γ ∝ 2− α, which
yields γasymp = 1.62, 1.6, 1.5, 1.4, 1.3, 1.25, 1.2, 1.19 for the previous list of α values,
respectively. These values will define a baseline used for further comparisons.
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Figure 2.2: Density profile slopes created from energy distributions given by N =
eφ0−(φ0 − )1/α with φ0 = 4.0. The values of α span a range that provides
numerical convergence in the code. The higher the value of α, the larger the
oscillation in density profile. From top to bottom at log(r/r−2) = −2, α =
0.44, 0.50, 0.60, 0.70, 0.80, 0.90, 1.0, 1.06. The asymptotic log-log density profile slope
at small radii is given by γ ∝ 2− α, which yields γ = 1.56, 1.5, 1.4, 1.3, 1.2, 1.1, 1.0, 0.94
for the previous list α values, respectively. These values will define a baseline used for
further comparisons.
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radius baseline two additional times starting from log(r/r−2) = 0 and can be seen in
Figure 2.3 for DARKexp of several φ0.
There are some limitations to using this area characterization. It may not accurately
represent high frequency oscillations that could be defined as oscillating more than a
low frequency oscillation with the same amplitude. Fortunately, we did not see any
oscillations that had different frequencies but the same amplitude. The concept of
frequency used here is the measure of how often the peak in the oscillation is repeated
per unit distance in log(r/r−2) space.
The curves in Figure 2.3 represent the result of the subtraction between the original
γ profile and the asymptotic behavior for DARKexp profiles, which is ρ ∝ r−1, so γ = 1.
The result is then integrated to find the area, κ; all area is considered positive.
Our aim is to relate the amplitude of density slope oscillations to the shape of the
differential energy distribution. From visual examination, we noticed that N(E) which
are shallower (have smaller absolute values of d log(N)/d) close to the most binding
energy tend to produce density profiles with higher slope oscillations. Trial and error
showed that taking the slope of N(E) at  = 0.8φ0 works well. Figure 2.4 plots the
area under the curve, κ, against d log(N)/d evaluated at  = 0.8φ0. The plotted curve
shows that there is a relation between slope oscillations in ρ(r) and N(E), or that the
shape of the energy distribution determines how much the density slope will oscillate.
We did the same analysis for the different functional families given by equation (2.1)
and equation (2.2) with α = 1.05, 1.0, 0.8, 0.7, 0.5, 0.38 and α = 0.81, 0.8, 0.75, 0.6, 0.5, 0.38
respectively. κ for both of the two families with φ0 = 4.0 (φ0 = 2.55) are plotted as
solid boxes in Figure 2.5 (Figure 2.6) as well as a red data point for DARKexp with the
same φ0. Across both families and both central potentials, κ increases as α increases.
It appears that less negative slopes, d log(N)/d (higher α), in energy density produce
more area under the curve and therefore more oscillations in density profiles for these
two distributions, by our metric.
From the fact that κ increases with increasing α, one might think that the oscilla-
tion amplitude would be tied to asymptotic slope but this is only true for the energy
distributions in equation (2.1) and equation (2.2) and not true for DARKexp.
To further test the idea of the oscillation’s dependence on the steepness of the energy
distribution slope, we altered N = eφ0−(φ0− )1/α and N = (φ0− )1/α by multiplying
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Figure 2.3: One oscillation of the density profile slopes from Figure 1.2 after their small
radius asymptotic baseline has been subtracted which for DARKexp is ρ ∝ r−1. The
positive area was calculated from these profiles. The term “positive area” means the
absolute value was applied for the parts of the curve that would produce negative area.
We called this area under one oscillation, κ. For reference, the black dashed line is
γ = 0.
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Figure 2.4: Area under the curve, κ, for one oscillation of DARKexp central potentials
φ0 = 8.0, 7.0, 6.0, 4.0, 3.0, 2.55. The slope of the density profile had to be evaluated at a
specific energy, so  = 0.8φ0 was arbitrarily chosen.
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Figure 2.5: Area under the curve, κ,
for one oscillation for N = eφ0−(φ0 −
)1/α and N = (φ0 − )1/α with φ0 =
4.0. The different points represent the
different α values with (from top to
bottom) α = 1.05, 1.0, 0.8, 0.7, 0.5, 0.38
for N = eφ0−(φ0 − )1/α and
with (from top to bottom) α =
0.81, 0.8, 0.75, 0.6, 0.5, 0.38 for N =
(φ0 − )1/α. Solid squares represent
the original N = eφ0−(φ0 − )1/α and
N = (φ0 − )1/α distributions and
open squares represent the distributions
modified to be Nnew = N(1 + µ(φ0 −
)v). DARKexp with φ0 = 4.0 is plot-
ted as the red data point for reference.
Figure 2.6: Area under the curve, κ,
for one oscillation for N = eφ0−(φ0 −
)1/α and N = (φ0 − )1/α with φ0 =
2.55. The different points represent the
different α values with (from top to
bottom) α = 1.05, 1.0, 0.8, 0.7, 0.5, 0.38
for N = eφ0−(φ0 − )1/α and
with (from top to bottom) α =
0.81, 0.8, 0.75, 0.6, 0.5, 0.38 for N =
(φ0 − )1/α. Solid squares represent
the original N = eφ0−(φ0 − )1/α and
N = (φ0 − )1/α distributions and
open squares represent the distributions
modified to be Nnew = N(1 + µ(φ0 −
)v). DARKexp with φ0 = 2.55 is plot-
ted as the red data point for reference.
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these energy distributions so that Nnew = N(1 + µ(φ0 − )v) where N is the original
distribution and µ and v are free parameters. The shape of the modification is arbitrary;
we could have chosen a different modification. This resulted in the energy distribution
having the same behavior near  = φ0 as the original distribution but a slightly steeper or
shallower slope depending on the sign of µ and the normalization of the new distribution.
We then calculated κ for both of the modifications and plotted them as open boxes
alongside their counterparts in Figure 2.5 and Figure 2.6 for modifications with central
potentials of φ0 = 4.0 and φ0 = 2.55, respectively.
Figures 2.4, 2.5, and 2.6 show that in general less negative d log(N)/d lead to
more pronounced oscillation in the density profile slope. However, d log(N)/d is not
an exact predictor of density slope oscillations: in Figures 2.5 and 2.6 a given value
of d log(N)/d corresponds to a range of values of κ. With more effort, it might be
possible to devise a better predictor of density slope oscillations based on N(E), but
that is beyond the exploratory nature of the present paper. Furthermore, there are
exceptions to our characterization shown in Figures 2.5 and 2.6: the shape of N() of the
Hernquist system (Hernquist, 1990) would predict that its density profile slope should
show some oscillations, which is not the case. The corresponding point in Figure 2.6 is
at approximately (−1.25, 0).
Chapter 3
Dynamically evolved systems:
density slope oscillations in non
relaxed systems
Chapter 3 is comprised of material from a stand alone publication first published in the
Journal of Cosmology and Astroparticle Physics and can be found at
http://adsabs.harvard.edu/abs/2016JCAP...05..010Y.
Here we show that density profiles of simulated and observed systems are well ap-
proximated by those obtained from modified DARKexp energy distributions. The mod-
ifications to DARKexp are small, implying that these simulated and observed systems
are very close to being fully relaxed.
Our analysis implicitly assumes that the simulated and observed systems we con-
sider here are the result of mostly collisionless relaxation. Here, the term collisionless
applies to the gravitational aspect of the system’s evolution, not to what its gas particles
might be doing. To be gravitationally collisionless the potential must be smooth on the
scale of the relevant particles. In the case of the centers of galaxies and clusters these
particles are stars, and to make the potential grainy, and hence collisional, the number
of stars must be considerably smaller than what these galaxies have. Hydrodynamic
processes that operate in massive galaxies and clusters, including dissipation, may lead
to “violent” potential fluctuations that can help drive collisionless relaxation. Therefore
28
29
the evolution of both simulated pure dark matter halos, and massive observed systems
can be considered collisionless.
3.1 Numerically simulated systems
The density profile of DARKexp with φ0 ≈ 4.0 provides a good fit to the density profiles
of the dark matter only simulations Via Lactea 2, GHALO (Stadel et al., 2009), and
Aquarius AQ-1 (Springel et al., 2008) as shown in the bottom panels of Figure 3.1. These
simulations are high resolution and focus on halo central regions with the GHALO and
Via Lactea 2 innermost resolved region being 0.05% of Rvir (120 pc) (Stadel et al., 2009).
However, DARKexp is not a perfect match; there appear to be oscillations with higher
frequencies in GHALO and Via Lactea 2 data, and at larger radii than the oscillations
experienced in DARKexp density profiles. Aquarius AQ-1 does not appear to oscillate
appreciably and is actually very well represented by DARKexp.
It is important to note that these oscillations are not the result of substructure.
Substructure effects are subdominant to those of oscillations (if oscillations are present),
as can be seen from published work. First, data from Stadel et al. (2009), can be used
to estimate the fractional density contained in oscillations in GHALO; it is about 10%.
Oscillations are found around r ∼ 0.3 − 20 kpc in their galaxy mass halo. Second, at
the same range of radii, the cumulative fraction of mass in subhalos for a similar mass
halo in the Aquarius simulation can be read off from Figure 12 of Springel et al. (2008).
It is about 0.1%, or 100 times smaller than the mass contained in oscillations found in
GHALO. Aquarius and GHALO are different simulations, but it is unlikely that they
would differ by a factor of 100 in the fractional amount of mass in subhalos. Another
possible reason for the oscillations are the streams from tidally disrupted subhalos.
However, because the material from these is widely distributed throughout the halo,
they are unlikely to be the dominant contributor to the oscillations.
We argue that oscillations in Via Lactea 2 and GHALO indicate that these systems
are not fully relaxed. DARKexp assumes a relaxed, equilibrium system. This central
assumption may not be fully realized in many physical systems where some mechanism
may not be letting the system become fully relaxed. To try to mimic this effect, we
modified DARKexp N() with the goal of matching the observed density profile of these
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Via Lactea 2 GHALO Aquarius AQ-1
Figure 3.1: Top panels Energy distributions for Via Lactea 2 fit (left), GHALO fit (mid-
dle), and Aquarius AQ-1 fit (right) in solid lines plotted with DARKexp, dashed line,
with the appropriate φ0 where for Via Lactea φ0 = 4.0, GHALO φ0 = 3.65 , and Aquar-
ius AQ-1 φ0 = 4.0. The slight deviation is distinguishable at around  = 0.8φ0 where
the two lines separate and a dashed-dot guideline is plotted at  = 0.8φ0 for reference.
The difference between the two curves is a Gaussian peak and in the case of Aquarius
AQ-1, two Gaussian peaks. The graph is zoomed in to this region to better show the dif-
ference between the curves and does not include the entire energy distribution. Bottom
panels Density profile slopes for Via Lactea 2, GHALO, and Aquarius AQ-1 numerical
simulations are plotted in blue and x symbols. The modified DARKexp that fits the
data is plotted in red and the original DARKexp is plotted in green (dashed). The
modified DARKexp distributions use the φ0s listed above. In other words, the red line
is a modified form of the green line. The bottom plots correspond to the plots directly
above. The mass difference in the profile for log(r/r−2) < 0 between DARKexp and
the modification is 0.58%, 0.56%, and 0.77% for Via Lactea 2, GHALO, and Aquarius
AQ-1 respectively.
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simulated halos. We used the simplest profile modification: a small Gaussian peak was
added to DARKexp. The new N() is given by
Nmod = N + a exp
[
−1
2
(− ¯)2
σ2
]
(3.1)
whereN is the standard DARKexp expression given by equation 1.1, a is a normalization
scaling factor, and ¯ and σ are the standard Gaussian parameters of average value and
standard deviation, respectively. The modification can be seen in the top panel of
Figure 3.1, where log[N()] is plotted for the original DARKexp energy distribution
(dashed line) and the energy distribution modified from DARKexp that provide good
fits to the density data (solid lines).
The corresponding density profiles are seen as red solid lines in the bottom pan-
els of Figure 3.1, together with the data for Via Lactea 2 (left), GHALO (middle),
and Aquarius AQ-1 (right), displayed as blue lines with crosses. Dashed green lines
are the unmodified DARKexp profiles. In Via Lactea 2 and GHALO, this modifica-
tion produced oscillations over two decades in radius with higher frequency than the
oscillations found in the unmodified DARKexp profile, and at radii where unmodified
DARKexp has a monotonically changing γ(r) profile. The Aquarius modification, two
very small Gaussian peaks added to DARKexp N(), did provide a better fit to the data
then DARKexp alone but the Aquarius data does not oscillate like the Via Lactea 2 or
GHALO data. The mass difference of the profiles for log(r/r−2) < 0 between the mod-
ified and unmodified DARKexp profiles with the same φ0 is 0.58%, 0.56%, and 0.77%
for Via Lactea 2 (φ0 = 4.0), GHALO (φ0 = 3.65), and Aquarius (φ0 = 4.0) respectively.
This is a small difference confined to small radii. Again, one could imagine that in
some systems, the oscillations will get averaged out by anisotropies or mis-centering
and spherical averaging. Likewise, it would not take much mass to create oscillations in
this radius range, implying that these systems are very nearly, but not fully relaxed.
While we do not address the specific mechanisms leading to the small perturbation
in the DARKexp energy distribution, we put forth one possibility. The systems which
have N(E) represented by the solid lines in the top panels of Figure 3.1 are prevented
from achieving a fully relaxed state, represented by the dashed lines of the DARKexp
N(). Because the number of particles increases rapidly with decreasing , it would
take a very small number of particles with  . 3 (for Via Lactea 2) to fill in the ‘hole’
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at  ∼ 3.5. These particles would need to lose some energy and become more bound.
What is holding them back? For example, small excess of angular momentum could
create an angular momentum barrier preventing the particles from coming closer to
the center of the halo and attaining lower energies. Such a scenario is not unlikely
because, as discussed in Williams et al. (2014) it is more difficult to redistribute angular
momentum than energy, and so some particles may be stuck with their somewhat higher
amount of angular momentum.
3.2 Observed systems
The observationally derived data taken from Newman et al. (2013) provides density pro-
files for seven massive, equilibrium galaxy clusters seen in Figure 1.1. We transformed
this data into the slope representation, γ, and plotted it in Figure 3.2 to better see the
oscillations. All of the profiles possess oscillations in the central region. For reference,
the density from a DARKexp profile with φ0 = 4.0 is also plotted. At large radii, the
differences between DARKexp and the data arise because Newman et al. (2013) dark
matter component is approximated with a gNFW profile which has γ = 3 at large radii,
while DARKexp asymptotes to γ = 4. We do not use the outer density profile in our
analysis.
In addition to cluster total density profiles, we also use profiles of massive ellipticals,
taken from Chae et al. (2014), who carried out a comprehensive study of SDSS early
type galaxies (ETGs) that also show density slope oscillations, or as they call them,
S-shape profiles, at small radii. They used over 2,000 nearly spherical ETGs from
SDSS coupled with empirical scaling relations to derive galaxy density profiles. The
observational data for each galaxy consisted of its light profile and the velocity dispersion
measured at Reff/8. The dark matter halos of galaxies were assumed to follow gNFW
or Einasto profiles, each with three free parameters. These data and assumptions were
supplemented with empirical scaling relations between M and M200, concentration
and M200, initial mass function (IMF) shape and the velocity dispersion, and velocity
dispersion and the slope of the radially dependent velocity dispersion profile. The
free parameters were fixed by requiring that the total density profile obey the Jeans
equation. The authors present average density profiles for six separate total mass bins.
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Figure 3.2: Density profile slopes for seven massive, equilibrium galaxy clusters pre-
sented in Newman et al. (2013). Oscillations are seen for all the profiles for log(r/r−2) <
0. DARKexp with φ0 = 4.0 is plotted for comparison. The Newman profiles asymptote
to the outer slope of 3. The oscillations are higher frequency for the Newman profiles
than DARKexp.
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We note that according to the Chae et al. (2014) results, the amplitude of oscillations
increases towards the higher galaxy mass bins. The oscillations in the density slopes
of M = 1014.5M galaxies will be hard to fit with a small modification we use here.
However, the overall nature of slope oscillations is the same for the whole range of galaxy
masses presented in Chae et al. (2014), from M = 1012M to M = 1014.5M, so below
we use just one representative mass range, 1013M ± 0.2dex.
Since we are analyzing density slope oscillations, it is important to establish that
cluster and galaxy data do indeed require oscillations to be present. Could one have
instead fitted the data with a monotonically changing γ(r) profile? Chae et al. (2014)
tried that approach, and found that single density profiles do not work (see their Section
4.2.1). In Figure 9, they plot the observed and single-profile predicted distributions of
η, where σ(R) ∝ Rη, is the luminosity weighted line of sight velocity dispersion within
aperture R centered on the galaxy. The data gives 〈η〉 = −0.06 ± 0.01, while fitting a
single gNFW yields 〈η〉 = −0.01, or 5σ away from the observed mean. Newman et al.
(2013) do not fit single profile models, but point out that the stellar mass of the central
elliptical is significant at radii <∼ 5 kpc, often leading to the steepening of the central
profile slope. We conclude that for cluster and galaxy total density profiles, single-profile
models are statistically disfavored and hence, density slope oscillations are indicated by
the data.
We chose two galaxy clusters from Newman et al. (2013), A963 and A611, and one
galaxy mass range from Chae et al. (2014), 1013M±0.2dex. The unmodified DARKexp
(dotted) and modified (dashed) N() are shown in Figure 3.4 with green, red, and black
lines respectively. The corresponding modified γ(r) profiles are the dashed lines in
Figure 3.5, shown together with the data (solid lines). For fitting purposes, we only
used data where log(r/r−2) < 0 since DARKexp and the data have different large
radius asymptotic behavior, as discussed above.
In all the fits, the introduction of a Gaussian modification to N() modified DARK-
exp density profiles such that these now fit the frequency and amplitude of the observed
data. The mass difference in the profiles at log(r/r−2) < 0 between the modified
and their original DARKexp profiles is 2.0%, 2.52%, and 19.1% for A611, A963, and
Mgal = 10
13M galaxies bin, respectively. It is likely that the percentages are related
to the location of the Gaussian peak as the fit modification for the Chae et al. galaxies’
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Figure 3.3: Difference between N(E) derived from galaxy cluster Abell 611 (A611)
density profile data and DARKexp N() for φ0 = 3.5. The energy distribution for A611
is calculated from the density profile with a process outlined by Binney (1982). The
peak is similar to a Gaussian, warranting the use of a Gaussian modification in this
Chapter.
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profile was different than the other fits. This is because its Gaussian peak was located
at  = 0.34φ0 whereas the others are closer to  = 0.85φ0.
To check if the Gaussian shape provides a reasonable approximation to the difference
between the energy distributions of DARKexp and the data, we calculated the shape of
the actual difference between N(E) derived from galaxy cluster A611 density profile and
DARKexp N() with φ0 = 3.5. The result is a skewed peak shown in Figure 3.3. (We
calculated the energy distribution of A611 from its density profile with an algorithm
outlined by Binney (1982).) The peak is similar enough to a Gaussian to warrant the
use of equation (3.1).
We emphasize that the modifications added to DARKexp N() to reproduce sim-
ulated halos and observed systems are the same, both given by equation (3.1). This
suggests that both types of systems share the same characteristic, which we argue is
their state of incomplete relaxation in the central regions. The fact that the amplitude
of modification is smaller in the case of simulated halos (top panels of Figure 3.1) than
observed systems (Figure 3.4) argues that the former are closer to being fully relaxed
that the latter.
We note that the modifications we added to DARKexp in this Chapter are consistent
with our findings in Chapter 2: making the N() slope less negative around  = 0.8φ0
results in greater density slope oscillations in the corresponding density profiles.
We also note that there may be some degeneracy between the Gaussian parameters
a, ¯ and σ (equation (3.1)) and the starting central potential φ0, when fitting the
density profiles. Solutions may not be unique as one set of parameters with a central
potential can give similar results to another central potential with different modification
parameters.
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Figure 3.4: Energy distributions of the
modified DARKexp profiles (dashed)
plotted against their original DARK-
exp profiles (dotted) with φ0 = 3.5,
φ0 = 4.0, and φ0 = 8.9. The deviations
from DARKexp are distinguishable at
around 85% of φ0 for A611 and A963
whereas the peak for the Gaussian for
the Chae et al. (2014) Mgal = 10
13M
modification is found at 35% of φ0. The
modified DARKexp profiles provide fits
to the density profiles plotted in Figure
3.5.
Figure 3.5: Density profile slopes for
three profiles (solid lines), one taken
from Chae et al. (2014) and two from
Newman et al. (2013), and their best fit
formed from modifying DARKexp with
a Gaussian (dashed lines). The mass
difference in the profiles at log(r/r−2) <
0 between DARKexp and the mod-
ification is 2.0%, 2.52%, and 19.1%
for Newman et al. (2013) A611, A963
and Chae et al. (2014) 1013M respec-
tively. The modified profiles (dashed)
are the density profiles that correspond
to the modified DARKexp energy dis-
tributions found in Figure 3.4.
Chapter 4
Angular momentum distribution
of an Illustris halo
In Chapter 3, we provided evidence that the mentioned dark matter systems are created
through dynamical evolution, a combination of external (for example gravitational in-
teractions with other galaxies) and internal (for example dynamical friction) processes
whereby gravity reshapes the halo. We sought to understand the evolution of these
systems to their current configurations by studying halos within the Illustris Simula-
tion. N-body simulations allow us to calculate particle energies and angular momenta
and examine how these quantities change within a halo. Before we study the time evo-
lution of halo structure and dynamics in Chapters 5 and 6, we characterized a halo’s
z = 0 dynamical state. This was accomplished by investigating more than the energy
distribution and density profile studied previously. We studied an Illustris simulation
halo’s dynamical state by comparing its particle angular momentum distribution to an
idealized halo where idealized means spherically symmetric with not substructure.
We did this by studying Illustris halos on a particle basis. A useful way to view
the halo particle data in aggregate is to explore how energy and angular momentum
are related for the entire halo. Figure 4.1 shows the relationship between dark matter
particle energy and L2 within halo 138 at z = 0 (further descriptions of halo 138 are
found in Chapters 5 and 6). Individual blue points comprise all dark matter particles
in halo 138 of Illustris-1. The green band is made up of test particles placed at all
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Figure 4.1: A scatter plot of halo dark matter particle energy against angular momentum
squared (L2). The blue points represent the dark matter particles in Illustris-1 halo
138 at z = 0 and the green band of points are the circular orbit band made from
placing test particles at the x,y,z position of the blue points but with kinetic energies
associated with circular orbits. Note that for a perfectly spherically symmetric halo
with no substructure, the green band would collapse down to a line making an envelope
for the blue points. This is because the maximum angular momentum for a given energy
comes from a circular orbit.
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Figure 4.2: Each line is a distribution of particles in L2/min(L2circ) (left) and
Lδ/min(Lδcirc) (right), where min(Lcirc) is the minimum value of the band created
by the circular test particles at that energy. The distributions have been normalized
over the range shown. All particles are divided into six energy regions of equal ∆E.
In ascending order in energy (most to least bound particles), the energy bins are blue,
orange, green, red, purple, and brown. The lines also go from thinnest (most bound)
to thickest (least bound). For the distribution in L2, the most bound particles have
a nearly uniform distribution while the least gravitationally bound particles have ra-
dial bias in their orbits. The Lδ distributions are near uniform with some deviations
described in the text. delta typically ranges from 2 to 1.6.
positions of the blue points but with kinetic energies that would place them in circular
orbits with the radius of their current position. If we assume a perfectly isotropic halo,
the maximum angular momentum for a given energy will be for a particle in a circular
orbit and it will correspond to a unique value, Lcirc. We would like the reader to focus
on the global properties of this plot like the regions of the phase space occupied by the
two populations of particles, and not on any one individual point. We will put density
contours on similar plots later to see where the bulk of particles live on this plot. We
note the Illustris halo numbering scheme can change from redshift to redshift, so the
convention we will use as we track a halo across time is to use the number associated
with the halo at z = 0 unless otherwise noted.
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We then characterize the shape of the angular momentum distribution for a given
energy, similar to Williams et al. (2014), where it was shown that the distribution of
L2 is related to parameters describing the shape of the velocity distribution function
and velocity anisotropy. They showed that realistic halos must have linear or convex
distributions in L2 within every energy bin, with the most gravitationally bound par-
ticles producing nearly uniform distributions while less bound particles become more
biased towards radial orbits. For our data, we split dark matter particles into six energy
bins with equal ∆E and plot the normalized N(L2) against [L/min(Lcirc)]
2 in the left
panel of Figure 4.2, where min(Lcirc) is the minimum value of L
2 in the band at a given
energy. In ascending order in energy (most to least bound particles), the energy bins
are blue, orange, green, red, purple, and brown. The most bound particles, given by the
blue line, are nearly uniform across [L/min(Lcirc)]
2 whereas the least bound particles,
indicated by the brown line, are radially biased and have higher numbers of radially
dominated orbits. Plotting the L2 distribution for different energy regimes gives similar
relationships to those found in Williams et al. (2014). We also note that the distri-
bution has values [L/min(Lcirc)]
2 > 1, since there is now a band of particles making
up the maximum L2 envelope. We conclude that even though we take realistic halos
with radially dependent velocity anisotropy, ellipticity, and substructure, we found sim-
ilar L2 distributions to those in Williams et al. (2014), where isotropic halos with no
substructure were studied.
Following Section 2.2 of Williams et al. (2010), in order to derive a relationship
between the angular momentum distribution and halo velocity anisotropy, we begin by
relating the differential energy distribution, N , to the distribution function, f and the
radial period of orbits, Tr,
N(E,L)dEdL = 8pi2Lf(E,L)Tr(E,L)dEdL. (4.1)
Assuming the radial period of orbits depends only on energy, Tr(E), and the system is
isotropic so f = f(E), will lead to no explicit dependence on L in equation 4.1 when
rewritten as
N(E,L2)dEdL2 = 8pi2f(E)Tr(E)dEdL
2. (4.2)
For a given energy, since there is no angular momentum dependence, the distribution
should be uniform across angular momentum between L2 and L2 +dL2. We can rewrite
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equation 4.1 for systems that have orbits distributed uniformly in Lδ as
N(E,Lδ)dEdLδ =
8pi2
δ
L2−δf(E)Tr(E)dEdLδ. (4.3)
Figure 4.3: The potential energy radial profile of Illustris-1 halo 138 at z = 0. There is a
thickness of the profile at a given radius representing a range of potential values because
the halo is not exactly spherically symmetric. The dips indicate deeper potentials caused
by substructure.
Furthermore, the assumption that Tr(E) also means that this isotropic system has
constant β, where β = 1− δ/2. β is defined as the anisotropy parameter,
β ≡ 1− σ
2
θ + σ
2
φ
2σ2r
, (4.4)
where σθ and σφ are the tangential velocity dispersions and σr is the radial velocity
dispersion. Tr(E) does a fair job at approximating most systems, even if it is not
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completely L independent. This allows for a uniform distribution in Lδ to approximate
constant β systems regardless of potential. Note that for an isotropic system, β = 0
and δ = 2, eliminating any angular momentum dependence in eq. 4.3.
100 101 102
radius (kpc/h)
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Figure 4.4: The radial velocity anisotropy profile for halo 138 at z = 0. Substructure is
easily identified at the r ≈ 125 kpc/h dip. The profile is dominated by noise at r . 5
kpc/h. The halo rvir = 326 kpc/h.
However, more realistic halos, like the one in Figure 4.1, with varying anisotropies,
ellipticities, and substructure, change the above analysis in a few ways. First, like before,
particles on circular orbits with a given energy will produce a band of angular momentum
values depending on the slight difference in the potential at different locations with the
same radius. This scatter and substructure can also be seen in the potential in Figure
4.3. Second, with a non-constant velocity anisotropy profile, the distribution of L2 will
no longer be uniform.
To account for the velocity anisotropy effect, we relate the velocity anisotropy, β,
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to the angular momentum distribution. We do this by taking the distribution not in
L2, but in Lδ where δ = −2(β − 1). Figure 4.4 shows the velocity anisotropy profile
for halo 138. Values from this graph were used to calculate δ for Lδ. The β-weighted
angular momentum distributions, N(Lδ), can be seen on the right plot of Figure 4.2.
The analysis from Williams et al. (2010) outlined above requires a constant β system.
However, we have a radially-dependent velocity anisotropy profile. Therefore, we assign
an effective value of β given the distance of the particle to the center of the halo,
allowing us to calculate δ and therefore Lδ for each particle. In the plot, the six lines
correspond to six energy bands all with equal ∆E across the energy range of halo dark
matter particles. For values of Lδ such that Lδ/min(Lδcirc) < 1, the L
δ distribution
appears nearly uniform for a given ∆E. Note there is some scatter to Lδcirc for a given
energy, stemming in part from the scatter in the potential caused by substructure and
anisotropy. So again, the minimum value is used.
We find there are deviations from a uniform distribution in a few places. For less
bound energies, the number of particles at low L2 is smaller than the uniform distribu-
tion value. This is due to several causes, including the fact that we assign an effective
velocity anisotropy to particles in this energy bin, based on their current distance from
the halo center which can change in their orbit with time. There are also mass resolu-
tion effects and data truncation issues; we are only binning particles that are within the
virial radius, leaving out those at larger radii which will affect the least bound energy
bin.
Overall, it appears that even for complex systems, such as those produced in Illustris,
particles taken from a narrow energy range will produce nearly uniform distributions in
Lδ, just as those mentioned above in the simple, isotropic case.
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Figure 4.5: Left: The average velocity profile for the three spherical velocity components
as a function of radius for the dark matter particles in halo 138 at z = 0. Right: The
velocity dispersion profile for the three velocity components of the dark matter particles
in halo 138 at z = 0.
We note for completeness, that the average velocity profiles (left plot of Figure 4.5),
potential (Figure 4.3), and the velocity dispersions (right plot of Figure 4.5), reveal the
presence of substructure in the form of a subhalo at around r = 125 kpc/h for halo 138.
Next we investigate of halo 138 across multiple redshifts, where we will use energy
distributions and angular momentum distributions to further quantify the dynamical
state of the halo.
Chapter 5
Dynamical evolution of dark
matter particles in a simulation
halo
Chapter 5 is comprised of material from a stand alone publication first published in the
Journal of Cosmology and Astroparticle Physics and can be found at
http://adsabs.harvard.edu/abs/2018JCAP...02..033Y.
We are interested in the changes in a halo’s structural and dynamic state as it nears
equilibrium and moves toward a relaxed state. We approach this problem by finding
a halo whose history contains isolated, simple merger events where only a few distinct
smaller halos merge with a central halo. A simple merger history will help with the
analysis and interpretation below.
In our search we found halo 138. It has a quiescent merger history compared to
other halos of similar mass; it underwent two distinct major merger events with the last
major merger happening several Gyrs ago. We acquired its merger history using the
SubLink trees (Rodriguez-Gomez et al., 2015) in Illustris and split its evolution history
into three physically motivated phases. A schematic of the 3 phases is presented in
Figure 5.1. The arrows indicate major mergers, with the first merger event in Phase
1 and the second event in Phase 2. The blue shaded circles are the halos containing
the Set A particles in their given phase. Set A particles will be defined in the following
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Phase 1/Merger 1
Halo containing Set A particles
First progenitor halo or main halo
Phase 2/Merger 2
Main halo containing Set A particles 
as a subset
Phase 3/Accretion
Main halo containing Set A particles as a 
subset.  No additional major mergers, just 
minor mergers and continual accretion
Arrows indicate major merger
z=2.0 z=1.15 z=0.38 z=0
Mi=1.44x10
12M⦿
Mi=4.61x10
12M⦿
Mi=6.56x10
11M⦿
Mi=2.1x10
12M⦿
Mi=8.6x10
12M⦿
∆t=2.03 Gyrs ∆t=4.24 Gyrs ∆t=4.13 Gyrs
Mf=9.7x10
12M⦿
Figure 5.1: Three physically motivated phases that capture different major merger
events in halo 138’s merger history. The blue shaded circle is the halo that contains Set
A particles during that phase, and arrows indicate major mergers with the main halo.
The initial halo total mass in that phase, Mi, is given for each phase and Mf is the
final halo total mass during the Accretion phase. The redshifts mark the boundaries
between the phases and the phase duration is given in Gyrs.
paragraph.
Phase 1, which we will also call Merger 1, corresponds to a merger event that starts
around z ∼ 2.5 with two smaller halos merging with the first progenitor halo in the main
progenitor branch of halo 138. The definition of the first progenitor halo is described in
De Lucia & Blaizot (2007) and identifies the progenitor halo of the halo in question (in
our case halo 138) that has the ‘most massive history’. The most massive history is the
branch of the merger tree with most of the mass of the final system and this branch is
called the main progenitor branch. The first progenitor halo is defined at each redshift.
We will refer to the first progenitor halo as the main halo since other halos are merging
with it. We use the dark matter particles of one of the two merging halos, whose mass
is a factor of 3.2 smaller than that of the main halo, for much of our analysis. We will
refer to these approximately 1.2× 105 particles as Set A particles.
While the merger in Merger 1 starts prior to z = 2, as the two halos are moving
towards a merger, we use a different starting event. We define the end of the pre-merger
phase, which we will use as the start of Merger 1, as the instance where the merging
halo center of mass crosses within rvir of the main halo center, where rvir is the radius
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Figure 5.2: Left: Dark matter density projected onto the x and y axis where (x, y) =
(0, 0) is the center of the potential well of halo 138 but at z = 2.0. The black x marks
the center of mass for the entire halo and the blue ? marks the center of mass for the
merging halo that contains the Set A particles. The black circle indicates the halo virial
radius. Right: The same physical extent except the points are the dark matter particles
of the merging halo (Set A particles) with its center located at around (x, y) ∼ (10, 110)
(in kpc/h) on the virial radius circle of the halo. The points are shown to indicate the
spatial extent of the merging particles as the center of mass of the merging halo moves
closer to the main halo center. The contours indicate regions of high number density of
the points. Judging from the extent of the particles, tidal stripping is present.
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that encloses 200 times the critical density at that redshift. We can visually identify the
pre-merger step by looking at a plot of the density of the halo at z = 2.00, projected in
the simulation x− y plane. The left panel in Figure 5.2 shows the projected 2D density
of the system along with a black ‘x’ to denote the center of mass for the whole halo,
and a blue ‘?’ to denote the center of mass of the merging halo (Set A particles). The
right panel is the same as the left, except the points show a spatial extent of the Set
A particles contained in the merging halo that are now a part of the larger, combined
halo, along with contours to show their density.
Merger 1 ends at z = 1.15 when the centers of mass of the merging halo containing
Set A particles and main halo are sufficiently close, which we define as within 0.07rvir.
This definition is similar to the halo relaxation criterion used in Neto et al. (2007),
where a halo is considered relaxed if s < 0.07, where s = |rc − rcm|/rvir, and describes
a normalized offset between the center of mass and the location of the deepest potential
of a halo. We call the period after this criterion is met the post-merger phase. We
emphasize that the merging halo particles will still continue to relax and move in the
E − L2 space beyond this point in time.
Just as the first merger reaches completion, the second merger starts at redshift
z = 1.07. This marks the beginning of Phase 2, or Merger 2. The second merger
event sees the product of the first merger, now merging with another halo. Phase 3, or
Accretion phase, begins when the second major merger is complete at z = 0.38 and ends
at the present. This phase sees no major mergers, only the gradual movement towards
relaxation, although minor mergers and accretion still occur. This type of accretion
should be well described by the virial theory argument presented in Naab et al. (2009),
and meant to explain the puffing up of compact, z = 2 galaxies.
The fractional mass increase, η, during Accretion phase is 9.12%. If the ratio of
the mean squared speed of the accreted material to that of the initial material is small,
the ratio of initial and final radii is rf/ri = (1 + η)
2. This would produce a final
rvir = 333kpc/h. This is close to the actual growth, as rvir grew by 16.36% from
around 280 kpc/h to 326 kpc/h.
The specific start and stop times of each phase can be seen in Figure 5.1 along with
some additional information.
We concentrate on answering two questions in this Chapter: (i) how do the energy
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and angular momentum of dark matter particles evolve in response to mergers and
quiescent accretion, and (ii) what is the time scale for the relaxation process. We do
this by tracking the energies and angular momentum squared of Set A particles during
the 3 phases defined above.
5.1 Evolution in E − L2 space
First we need to calculate E and L2 for all halo particles, relative to the halo center,
which is taken to be the halo’s deepest potential. All energies and angular momenta
are actually specific energies and specific angular momenta, but denoted from now on
as E and L2. From Illustris (Nelson et al., 2015; Vogelsberger et al., 2015), we took
particle positions, velocities, and potential energies. Kinetic energy is calculated from
particle velocities, corrected for the halo central bulk motion. The bulk motion is taken
as the average velocity of particles within 10% of the halo virial radius, rvir. Illustris
does provide a mass weighted average halo velocity, but those values and our r < 0.1rvir
weighted values can sometimes differ depending on the dynamics of the central subhalo
compared to the halo as a whole. They tend to agree later in time as the halo is more
relaxed. We use these central region weighted velocities because we are most interested
in the particles in this region. We use the same corrected velocity to calculate particle
angular momentum. We did not consider angular momenta before the two halos met
our pre-merger criterion.
Figure 5.3 shows E vs L2 for all halo 138 dark matter particles at redshifts cor-
responding to the start and end epochs of the 3 Phases, along with one intermediate
redshift z = 0.60. Each of the sets of two panels shows all dark matter in blue (left) and
Set A particles in green (right). The contours show the highest number density regions
in their respective panels. The dashed black guidelines in all the panels have the same
values and serve to emphasize the bulk motion of all particles in the space. Over time,
the halo continually gained mass and deepened its potential well. As a result, across all
phases, the general trend is a move in the median energy value to more negative, bound
energies.
Angular momentum, on the other hand, shows more complex behavior. During
Merger 1, Set A particles tend to lose angular momentum during their merger with the
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Figure 5.3: E − L2 plots for all halo dark matter particles in blue (left of each set of 2 panels) and Set A particles in
green (right) to show their extent in that space for several redshifts. Contours show regions of high number density. The
black vertical and horizontal dashed lines are guidelines to help show the bulk motion of the points between redshifts.
During earlier epochs, one can see the bump of the merging halo in the blue panels, when compared to the z = 0
distribution. This bump moves in E and L2 and dampens out over time as the merging halo completes its merger with
the main halo. The vertical red dash-dot line in the z = 0 panels at E = −5× 105(km/s)2 indicates a region to the left
of the line where particles are well mixed in L2; (see Chapter 5.2.1.)
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main halo and correspondingly, their median L2 value decreases. After this merger, the
median L2 value of Set A particles increases in Merger 2 as newly merging particles
lose L2 to the main halo, which now includes Set A particles, just as Set A particles
did in Merger 1. Similarly, the median L2 value for the main halo particles tends to
increase over all time, presumably at the expense of merging particles as they lose L2
during their infall. We will call the main halo dark matter particles that are not Set A
particles, Set Ac. Note that Set Ac changes its membership slightly as some particles
enter the main halo through smooth accretion, while others get ejected.
Examining the E−L2 distribution of halo 138 early during Phase 1 reveals that Set A
particles are quite localized in that space (Figure 5.3). As Set A particles merge with the
main halo, their most bound dark matter particles stay gravitationally bound together
until around z ∼ 1.36. The transition from infall to the break up and assimilation of the
core can be seen in the shape of the halo’s N(E,L2) distribution, as it changes from its
initial configuration at z = 2.00, to eventually appear like that of the total dark matter
population at z = 1.15. During this merger, the total halo dark matter N(E,L2) is a
superposition of two individual halos’ N(E,L2) with the Set A particles appearing as
a bump on the L2 envelope (at large L2 values) of the main halo. For the first major
merger, this feature dampens over time and eventually completely disappears, with the
final configuration seen in the z = 1.15 panel. A similar disappearance occurs with the
second major merger, where the merging halo is not noticeable anymore by z = 0.38.
Another way of looking at the motion of halo particles in the E−L2 space over time
is to track the fractional change in these quantities. The fractional change is calculated
as the difference between the initial and final quantity divided by the absolute value of
the initial quantity. For example, the fractional change in energy is given as
fE =
Ef − Ei
|Ei| (5.1)
with the same definition used for the fractional change in L2 giving fL2 . This allows
us to analyze how L2 and E are redistributed on a particle basis. For initial and final
redshifts, we use the phases outlined in Figure 5.1. For Merger 1, we use the Set A
particles to probe a merger event and follow their infall towards the main halo. In
Merger 2, since the Set A particles are already part of the newly formed halo, we can
track how they are disturbed when a new major merger occurs. Finally in Accretion
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Figure 5.4: The fractional change in E and L2 of the Set A particles during Merger 1
(left), Merger 2 (middle), and Accretion phase (right), as described in Figure 5.1. The
extent of the plot window shows the 5% to 95% range of particles in each axis. The
contours show regions of higher point density. The orange dashed lines indicate the
median values for the fractional change in energy: −2.11, −0.38, and −0.26, and the
fractional change in L2: −0.88, 1.10, −0.02 for Merger 1, Merger 2, and Accretion phase,
respectively. These values are not per unit time; see Figure 5.1 for Phase durations.
Note that the median fE changes monotonically with time, whereas fL2 does not.
phase, after the halo has gone through its last major merger, we can examine how these
particles move towards a relaxed state. Fractional changes fE and fL2 for the three
phases can be seen in Figure 5.4. The panels show each Set A dark matter particle as a
blue point, with contours indicating regions of higher density. The orange dashed lines
show the median values of the particles’ E and L2.
As we already saw earlier in this Chapter and in Figure 5.3, the majority of the Set
A particles lose energy and L2 as they move towards the larger main halo (Figure 5.4,
left panel). Any asymmetry in the system will lead to torques and angular momentum
transfer, but during a merger one of the main mechanisms to transfer angular momentum
is dynamical friction (Chandrasekhar, 1943; Binney & Tremaine, 1987). In Merger 1,
the median value for fE is −2.1 and for fL2 it is −0.88.
The beginning of Merger 2 corresponds to the point in time when Set A particles
have merged with the original main halo to form a new halo. At this time (z = 1.15),
another halo begins its merger. As it moves towards the main halo, the main halo
particles are disturbed. This is noticeable not only in a density map of the halo, but
in the E − L2 space as well (middle panel of Figure 5.4). The 2D distribution looks
similar to the Merger 1 distribution with two main exceptions. First, there is now a
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small population of particles that gain energy (fE > 0), although the median value for
fE in Merger 2 is −0.38. This is caused by the new infalling particles exchanging energy
with the more negative energy main halo particles. Second, the infalling particles also
exchange angular momentum with the main halo particles. This exchange was observed
in Merger 1, only the Set A particles were giving up L2 since they were merging. Now
they are receiving L2 from the new merging particles. As a result the median fL2 value
of Set A particles is now positive (1.1), whereas it was negative in Merger 1.
Once Merger 2 has ended, in the Accretion phase, the halo begins its steady approach
towards equilibrium and relaxation. While the halo is still accreting additional mass, no
new major mergers occur. This phase captures how particles redistribute in response to
accretion and minor mergers. The right panel of Figure 5.4 shows that the majority of
our Set A particles still lose energy, but are evenly split between gaining and losing L2.
The negative values for fE imply that the halo is still accreting matter throughout this
phase, thus deepening the relative potential. The fL2 distribution, while not exactly
centered on fL2 = 0, is now more symmetric between those gaining and losing L
2,
indicating that the halo is becoming more mixed in angular momentum. However, since
the halo is not spherically symmetric, we cannot disentangle the global redistribution
following a merger from the fact that L2 for a given particle in a triaxial system will
change along its orbit.
Over the whole evolution, the median values for fE ; −2.11, −0.38, and −0.26, and
fL2 ; −0.88, 1.10, −0.02 show dissimilar behavior. The energy, while always decreasing,
is doing so by smaller amounts each subsequent phase. Interestingly, both major mergers
seem to have no effect on the sign of the median particle’s change in energy, whereas
the median value of angular momentum is changing signs. Median change in angular
momentum depends on whether the particle is merging with the main halo or already
a part of the main halo.
5.2 Mixing of halo dark matter particles
During Accretion phase, we observed evidence of the halo becoming more mixed in
angular momentum, because fL2 was evenly split between positive and negative values.
This supports the idea of a halo moving toward relaxation. Now we want to generalize
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this analysis. To do this we use the halo N(E,L2) to diagnose the system’s state as
a function of time, by comparing Set A and Set Ac of the halo dark matter particle
population. We assume that if they are well represented by the same distribution, they
are well mixed. While the mixing of particles in E and L2 is not sufficient to describe
a system as relaxed, it is a necessary condition for relaxation.
5.2.1 Mixing of particle angular momentum
The right panel of Figure 5.4 suggests that during Accretion phase at least some sub-
set of particles are fully mixed in L2. To test that further, we use a non-parametric
Kolmogorov-Smirnov test (KS test) to assess the likelihood that Set A and Set Ac come
from the same distribution. We divided N(E,L2) distributions of Set A and Set Ac
particles into 80 energy bins of constant ∆E to define N(L2) for a given energy. Each
bin has tens to hundreds of particles at the most bound energies, and 1× 104 to several
105 particles in the less bound energy bins for the z = 0 halo. We applied a KS test
to the two N(L2) distributions within each energy bin and found that the null hypoth-
esis, that both sets are drawn from the same parent distribution, cannot be rejected
for particles more bound than ≈ 2/3 of the halo’s most bound energy, at z = 0. This
result was consistent when we changed the number of bins for the KS test and when we
applied the Anderson-Darling test as well. The region to the left of the red dash-dot
vertical line in the z = 0 panel on Figure 5.3 indicates where the halo is well mixed in
L2 for a given energy. These particles occupy the densest region of the halo.
5.2.2 Evolution of dark matter energy distribution shapes
We are also interested in assessing how mixed the particles are in energy. We compare
the shape of the energy distribution of the Set A particles with that of all other halo
dark matter particles, Set Ac, at the most bound energies. To accomplish this, we
define an energy range over which we make the comparison. We take only particles
within rvir, and then define an energy cutoff that equals the energy associated with
the peak of N(E) (dashed line in Figure 5.5). Because we are interested in the most
bound energies in the halo, we take only particles that have more negative energies than
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Figure 5.5: An illustration of how we quantify differences between two N(E)s. The
energy distributions for Set A (green) and Set Ac (blue) at z = 1.47 (left) and z = 0
(right) after normalization. The dashed line indicates the energy associated with the
peak of N(E) for Set Ac, and the dashed-dotted line indicates the midpoint between
the dashed line and the most bound energy of the system. All particles with energies
less than this value are used in the calculation of the residual, given in equation 5.2, and
shown as the shaded region between the two curves. The horizontal black line segment
shows the difference in energy between the most bound Set A and Set Ac particle; its
evolution is plotted later in Figure 5.7.
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the midpoint between our cutoff energy and the most bound particle energy1 (dashed
dotted line in Figure 5.5). For example, we use all particles with E . −3.08 × 105
(km/s)2 at z = 1.49 (Figure 5.5). Although the midpoint is arbitrary, the result is
robust with respect to small changes in the energies we use. Finally, we normalized the
distributions before calculating the difference as seen in Figure 5.5. This procedure is
used for all subsequent plots where we calculated the difference between halo particle
distributions. We calculate the average difference, or the residual, in log[N(E)] per
energy bin, over n bins, defined as
1
n
n∑
i=1
[logNSetA(Ei)− logNSetAc(Ei)]. (5.2)
The residual at each energy is the magnitude of the range in grey at that energy. We
note that Set Ac membership is updated as new particles are accreted, and by z = 0,
contains approximately 1.7×106 dark matter particles within rvir, compared to 5.2×105
particles within rvir at z = 2.
Figure 5.6 shows this residual across time. The two distributions are becoming more
similar in shape over cosmic time, implying that the particles of the two halos are mixing
in energy. The black dashed lines indicate our phase boundaries and the red dashed
line shows the time when the merging halo’s N(E,L2) is no longer distinguishable as a
bump on the N(E,L2) distribution of the main halo (Figure 5.3). The bend at around
z ∼ 1.3, or approximately 8.4 Gyrs, is a direct result of the core of the smaller halo
merging with the center of the main halo. After z ∼ 1.3, the mixing in energy of Set
A dark matter particles and the main halo dark matter particles proceed much slower.
We should note that a significant portion of our average difference per energy bin comes
from the most bound energies where the Set A particles have not reached the deepest
potential yet. However, the difference between the energy of the most bound particle
for the two distributions is decreasing with time and will be discussed later in Chapter
5.2.3.
Figure 5.6 points toward two timescales for the decrease in the difference of these
two N(E)s. There is a rapid change in Merger 1, during the initial merger lasting ∼1
Gyr, and a slower change over Merger 2 and the Accretion phase lasting ∼8.5 Gyrs.
1 At the least bound energies, the halo energy distribution begins to decrease because the edge of
the halo is defined by the FoF and not whether the particles are gravitationally bound to the halo.
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Figure 5.6: The average difference in log[N(E)] per energy bin of two dark matter
particle populations, Set A and Set Ac, plotted against cosmic time. The black vertical
dashed lines indicate the boundaries of the three phases and M1 Phase and M2 Phase
stand for Merger 1 and Merger 2, respectively. The red dotted vertical line shows the
time when the bump due to the merging halo in E − L2 space, described in Figure 5.3
disappears as the merging halo core is incorporated into the main halo. The curve has
a clear downward trend as the two populations of dark matter particles are tending
towards the same distribution. The bend of the curve around ∼8.4 Gyrs ago, or z ∼ 1.3
coincides with our merger completion criterion, when the centers of mass are within
0.07rvir. The membership of Set A
c particles is continually updated as new dark matter
particles are accreted over time.
Usually, the dynamical time scale is used as an approximation for relaxation time, but
exact timescales have not been investigated in the literature. While we do not measure
relaxation times, we use the mixing timescale as a proxy since they are both driven by
the same physical dynamics. Here we measure, for the first time, the mixing, and hence,
relaxation timescale for a halo merger, based on the similarities in energy distribution
shape. While the initial, fast timescale is well approximated by the dynamical timescale,
the second, slower one is considerably longer. In fact, it is surprising that Set A particles
that merged at z = 2 are still not completely mixed by z = 0.
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5.2.3 Energy migration of the most bound dark matter particles
The average dark matter particle is losing energy, i.e., falling into a deepening potential
as more material is being accreted. This is true for Set A particles as well, and is
supported by negative median values for fE in Figure 5.4. However, as more material
is being accreted, the most bound of Set A particles fall more rapidly into the potential
well than the most bound Set Ac particles. This can be seen in Figure 5.7 where the
difference in energy between the halo’s most bound dark matter particle and that of the
most bound Set A dark matter particle is plotted against cosmic time. The difference
decreases towards current time. The rate of the decrease is not constant, but mimics
that seen in Figure 5.6. Note, however, that the two Figures plot different quantities,
so the fact that the two have similar appearances lends additional support for our claim
of a fast mixing timescale, followed by a slower one. Further evidence is provided by
Figure 5.4, which shows that the Set A particles on average lose the greatest fraction of
their energy during Merger 1, which corresponds to the fast mixing timescale, and then
Merger 2, and have the smallest fractional change during Accretion phase.
Particles falling deeper into the potential and losing energy should have a corre-
sponding decrease in radius. However, we are unable to disentangle this motion from
motion in the normal orbit of the particle, say from apocenter to pericenter, in the time
resolution of Illustris.
5.3 Dark matter relaxation
Having shown that dark matter particles of the main and merging halo are mixing over
time, we now would like to determine if this mixing between two halos is leading to
relaxation. Because there is no analytical expression for N(E,L2) of a relaxed system,
we carry out the analysis in energy only. To assess the degree of relaxation, we perform a
calculation similar to the one in Chapter 5.2.2, but in this case we compare the N(E) of
all dark matter particles to DARKexp N(E), a fully relaxed distribution. We note that
previous works have fitted simulated and observed N(E) distributions with DARKexp
(Beraldo e Silva et al., 2013; Hjorth et al., 2015; Umetsu et al., 2016; Nolting et al., 2016;
Young et al., 2016). Our emphasis in this paper is not on the fits, but on the residuals
between the energy distributions of the Illustris halos and DARKexp, and their time
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Figure 5.7: The difference between the energy of the most bound dark matter particle of
halo 138 and that of the most bound Set A dark matter particle plotted against cosmic
time. The black vertical dashed lines indicate the boundaries of the three phases and
M1 Phase and M2 Phase stand for Merger 1 and Merger 2, respectively. The difference
is decreasing as the most bound Set A particle deepens in potential over time compared
to the most bound halo dark matter particle. Though similar in shape, what is being
plotted here is not the same as in Figures 5.6, 5.8, and 6.2 where we show a difference
in energy distributions averaged over many energies.
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evolution.
The average difference, or residual, in log[N(E)] per energy bin over cosmic time is
shown in Figure 5.8. Again, we used the more bound end of the distribution as shown in
Figure 5.6 but with DARKexp as one of the two distributions. The solid line includes all
particles with energies more bound than the midpoint (50%) between the most bound
particle and the energy associated with the peak of the dark matter energy distribution;
the dashed line includes particles within 70%, and is shown to indicate the degree of
robustness of this measure. We see a distinct downward trend, especially after the Set A
particles complete their first major merger, indicating that the dark matter distribution
is becoming more like DARKexp over time, and therefore more relaxed.
Note that about 10 Gyrs ago, the difference between the two energy distributions
is small. At this time, the initial major merger is underway but most of the merging
dark matter particles are outside of our energy cutoff (dashed line in Figure 5.5). Only
the particles of the central main halo are within the cutoff, and because they have a
history that leads them to be more relaxed at this time, their N(E) is well approximated
by DARKexp. As merging halo particles of Set A move to more bound energies, they
pass our energy cutoff and are included in our calculation (similar to equation 2.2).
This results in the residuals in N(E)s increasing to its peak value around 8.5 Gyrs ago
(solid line in Figure 5.8). After the majority of merging particles are included, the halo
begins to show signs of relaxing i.e., the difference decreases until the second merger
event begins. Just like the prior major merger, the merging halo is not included in
the difference calculation at first. The central halo continues to relax and the average
difference decreases from ∼8.5 Gyrs ago to ∼7 Gyrs ago. Throughout the rest of Merger
2, there are two competing effects: the central portion of the halo is relaxing, and
unrelaxed particles are starting to be included at less bound energies. These two effects
appear to negate each other causing no bulk average change in the difference until
Accretion phase, when no more major mergers occur and the entire halo begins to
relax.
Unlike Chapter 5.2 that discussed mixing, this is a direct comparison to a theoretical
model for relaxed systems and therefore describes the relaxation state of the halo. The
downward trend in Figure 5.8 starts at the same time as the rapid change in Figure
5.6, although the shape of the downward trend is different. The approximate similarity
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of the shape of the curves in Figures 5.6, 5.7, and 5.8 supports the notion that mixing
between two halos and relaxation are driven by the same dynamics; energy is changed by
interactions with the global time-varying potential and angular momentum is changed
by torques caused by asymmetries. We note that we use Figure 5.6 to measure the
timescale because the curve is less noisy than that in Figure 5.8.
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Figure 5.8: The average difference in log[N(E)] per energy bin of all dark matter parti-
cles (the green line plotted in Figure 6.1) and the DARKexp best fit to the dark matter
particles, plotted against cosmic time. The solid (dashed) line includes all particles with
energies more bound than 50% (70%) between the most bound particle and the energy
associated with the peak of the dark matter energy distribution. The black vertical
dashed lines indicate the boundaries of the three phases and M1 Phase and M2 Phase
stand for Merger 1 and Merger 2, respectively. The lines show a clear downward trend,
especially after the Set A particles complete their initial major merger indicated by the
Merger 2 - Merger 1 boundary. The membership of Set Ac is continually updated as
new dark matter particles are accreted over time by the halo.
Chapter 6
Dynamical evolution of baryons
in dark matter halos
Chapter 6 is comprised of material from a stand alone publication first published in the
Journal of Cosmology and Astroparticle Physics and can be found at
http://adsabs.harvard.edu/abs/2018JCAP...02..033Y.
Having discussed the mixing and relaxing of dark matter particles, we now want
to address the evolution of the entire system, including baryons. We will look for the
signature of relaxation in a similar way as before, by comparing the total matter N(E)
to DARKexp in Chapter 6.1. Particle mixing, however, will be described in a different
way, in Chapter 6.2.
Illustris has both star and gas particles. Baryons are handled differently within
Illustris, including having a smaller gravitational softening length and smaller mass
resolution than dark matter. However, if we account for the different masses between
the dark matter particles and baryon particles, we can create properly weighted energy
distributions and we combined the two to make a total matter N(E).
We plot the halo 138 z = 0 energy distribution in Figure 6.1, showing the baryon
(red) and dark matter (green) components, as well as the total matter N(E) (blue) in
the left panel. The right panel shows the best fit DARKexp model for the total matter
N(E) (solid orange) and the best fit DARKexp model to the dark matter N(E) (dashed
orange) along with the dark matter (green) component and total matter N(E) (blue)
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Figure 6.1: Left: The energy distribution of halo 138 at z = 0. The blue line is the
truncated total matter energy distribution. The distribution labeled ‘total’ includes only
particles with energies more bound than the energy associated with the peak of the en-
ergy distribution. The other two lines represent the energy distributions of baryons
(red) and dark matter (green). Right: The total matter and dark matter energy distri-
butions from the left panel as well as the DARKexp best fit to the total matter energy
distribution (orange solid), and best fit to the dark matter energy distribution (dashed
orange). The DARKexp profile, dashed line, is on top of the green dark matter profile
on the right. DARKexp does a poor job of fitting the total matter distribution at the
most bound end (large negative E) because that region is dominated by stars, which
are far from relaxed and have a flatter distribution across energies.
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from the left panel. The very different N(E)s for the baryons and dark matter imply
that the two populations are not well mixed. At all energies, including the most bound,
baryons have a much flatter energy distribution. Therefore, they dominate the mass in
the center regions of Illustris halos. Compared to baryons, the dark matter profile is
better described by the shape of DARKexp. Since the baryon energy distribution is not
relaxed for halo 138 even at z = 0, the overall energy distribution at the most bound
energies will have significant departures from a fully relaxed state.
6.1 Relaxation of the dark matter and baryon system
The mixing shown in Figure 5.6 and the increasing similarity between dark matter
energy distribution and DARKexp shown in Figure 5.8 indicate the halo is becoming
more relaxed. We now quantify the residual between DARKexp and N(E) of the whole
system in the same way as before. To find the best fit DARKexp, we again truncated
the data to include only particles that are more bound than the energy associated with
the peak of the energy distribution, as in Figure 5.5. To do the fit, we also exclude
the most bound particles, as they are dominated by stars which are far from relaxed.
If we did include this portion, the fit would be significantly biased by the unrelaxed
baryon distribution (see Figure 6.1), rendering the detailed comparison with the relaxed
DARKexp model less meaningful. We do, however, use the most bound particle energy
value, which is due to stars, to constrain our fit. The average difference in log[N(E)]
per energy bin over the time evolution of the system is plotted in Figure 6.2.
The interpretation of the difference value is complicated by the complex physics
baryons undergo during mergers, such as spatially different distributions of baryons and
dark matter and increased star formation, which creates new stellar particles. Because
stars are collisionless, while gas is not, the total N(E) distribution can only be modeled
with DARKexp if gas contributes a negligible amount of particles over the energy range
we are considering. This is often the case for the system in later epochs, after the last
major merger. We used a (mass-weighted) ratio Nstar(E)/Ngas(E) over the energies
where the average difference was calculated for Figure 6.2, to determine when gas was
negligible. In Figure 6.2, epochs when 3 < Nstar(E)/Ngas(E) < 10 are shaded in light
grey, and epochs when Nstar(E)/Ngas(E) < 3 are shaded in dark grey. The system has
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Figure 6.2: The average difference in log[N(E)] per energy bin of all particles (total
matter) in the system and the DARKexp best fit, plotted against cosmic time. The
black vertical dashed lines indicate the boundaries of the three phases and M1 Phase
and M2 Phase stand for Merger 1 and Merger 2, respectively. After the last major
merger, indicated by the leftmost dashed vertical line, the difference decreases steadily.
Epochs when 3 < Nstar(E)/Ngas(E) < 10 are shaded in light grey, and epochs when
Nstar(E)/Ngas(E) < 3 are shaded in dark grey. During Accretion phase, when the ratio
of Nstar(E)/Ngas(E) > 10, the system contains mainly collisionless particles and can be
compared to DARKexp.
a factor of 10 more stars than gas during nearly all of the Accretion phase, as most of
the gas has been expelled from the most bound energies or turned into stars following
the last major merger. During Accretion phase, which is the last 4 Gyrs, the residual in
the energy distributions is steadily declining as cosmic time approaches the present. We
conclude that the whole system is becoming more relaxed over time, though the shape
of N(E) of dark matter particles alone is much closer to DARKexp than the shape of
N(E) of all matter (right panel in Figure 6.1).
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6.2 Lack of mixing of dark matter and baryons
We saw earlier in Chapter 6 that baryons preferentially occupy the most bound en-
ergy states in the N(E) distribution (Figure 6.1), and hence are not well mixed with
dark matter particles. Given what is known about galaxy formation, it may not seem
surprising that stars ended up as the most bound particles. Gas, being highly dissi-
pational, collected at the bottom of the potential wells and formed stars. Most of the
stars formed this way in the small, high-z progenitor halos that eventually merged to
form halo 138. What is somewhat surprising, or at least deserving of attention, is that
the stars stayed as the most bound particles, through mergers and other evolutionary
events. In principle, they could have mixed with dark matter particles, and acquired an
energy distribution more similar to that of dark matter.
To address this, let us compare the behavior of baryons with that of dark matter
particles belonging to a merging halo, i.e., Set A particles. We saw that Set A and Set Ac
are continually mixing, but dark matter and baryons are not. One possible explanation
for the difference, we argue, is that during a merger, baryons at the center of the smaller
halo have very negative energies, so that the fluctuating potential of the resulting halo
imparts only a small fractional energy change to baryons, and hence stars. Since mixing
is achieved through energy exchange, but stars’ energies stay roughly the same, stars stay
largely unmixed, and remain the most bound and centrally concentrated of all particles.
Energies of less bound particles, on the other hand, being smaller in magnitude, are more
affected by the time fluctuating potential, allowing for more thorough energy exchange.
This should also apply to more bound dark matter particles. We can test this by
looking at the fractional energy change of Set A particles as a function of their energy.
Figure 6.3 confirms that the most bound dark matter particles retain most of their
energy.
One possible mechanism for the difference in fractional energy change, involves the
time spent in the fluctuating potential, for different merging halo particles. As the
smaller halo starts to fall into the main halo, its less bound particles are tidally stripped,
resulting in them spending longer times in the outer and intermediate portions of the
system where they are exposed to the time-fluctuating potential for longer, allowing
for better energy exchange. On the other hand, the core of the merging halo, aided
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Figure 6.3: The fractional change in energy plotted against the initial energy of Set
A particles during Merger 2. Other phases show similar behavior. The most bound
particles have small fE , whereas less bound particles exhibit a greater range of energy
redistribution.
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by dynamical friction, tends to sink more directly towards the core of the main halo,
preserving their very negative total energies.
Given enough time, will stars be able to mix more fully with dark matter particles?
The past history of halo 138 may serve as a guide. We define a transition radius, rt, as
the spherically averaged radius at which the density of baryons is equal to that of dark
matter, and we track this radius through cosmic time. Figure 6.4 shows rt in physical
units (left), and in terms of rvir (middle). The right panel shows the transition radius
plotted against the halo mass. The physical size of rt, in kpc, is growing slightly with
cosmic time, but not as much as rvir, which is increasing due to major mergers early in its
history, and minor mergers and continual mass accretion later in its history. This leads
rt/rvir to decrease slightly towards the present. This means the region encapsulated by
rt is found at somewhat more bound energies over time. Because the transition radius
has not changed significantly for the last 5-8 Gyrs, it is unlikely that it will change for
at least several billion years. This suggests that stars will not mix with the dark matter
and relax for a very long time.
The fact that stars are not well mixed with dark matter, and there exists a well
defined transition radius between the two, gives rise to a dimple, or an ‘oscillation’,
in the density profile slope of observed (Chae et al., 2014; Thomas et al., 2007) and
simulated galaxies (Schaller et al., 2015; Xu et al., 2017). An example of an oscillation
can be seen in the density profile and its slope of halo 50 (left) and halo 138 (right), both
at z = 0 (Figure 6.5). The blue lines in the top panels show the total matter density
while the green and red lines show the dark matter and baryon densities, respectively.
The blue line in the bottom panels shows the total matter density slope, defined as
γ = d log(ρ)/d log(r). The origin of these oscillations and their relation to N(E) are
examined in Young et al. (2016).
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Figure 6.4: The transition radius (left), and transition radius divided by the halo virial
radius (middle), plotted against cosmic time for halo 138. The vertical dashed lines
are the same as those in Figure 5.6 and indicate the boundaries of the three phases
described previously and M1 Phase and M2 Phase stand for Merger 1 and Merger 2,
respectively. The right panel is the transition radius plotted against halo mass for halo
138. rt is increasing as the halo grows but not by as much as rvir is increasing. This
means the region of the halo within rt is becoming a smaller portion of the overall halo
volume over time. In the right panel, it is easy to see the major merger events as gaps
in the halo mass.
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Figure 6.5: Top: The density profile for Illustris-1 halo 50 (left) and halo 138 (right) at
z = 0. The blue line is the total matter profile while the green is dark matter, and the red
is baryons. Bottom: The total matter density profile slope, where γ = d log(ρ)/d log(r).
For halo 50, there is a feature at log[r/(kpc/h)] ∼ 0.25 in the density profile slope
indicating the dark matter to baryon transition region. This feature is not as pronounced
in the halo 138 density profile slope. The dashed line and the dashed-dot line represent
the softening length parameter for dark matter and baryons respectively.
Chapter 7
Evolution of the central regions
of halos
In Chapter 6, we investigated the evolution of the spherically averaged transition radius,
rt, for one halo. The intent of measuring that characteristic radius was to study how
the dark matter and baryons are coupled and interact in the halo central regions, and
how their relative densities changed over time. Here, we will present analysis of rt
across the 250 most massive halos at z = 0. In this chapter, we calculate rt as the
circularly averaged distance, where the projected dark matter density and projected
baryon density are equivalent. Projected densities are used to facilitate comparisons
with lensing observation. Our data set initially includes halos with 5.7 × 1013M >
M200 > 3× 1012M. We picked the higher mass halos in Illustris because their central
regions will be less affected by mass resolution and force softening effects. Low mass
halos suffer from low particle counts in this small, inner region. We must also discard
halos that are in the process of merging at z = 0, as they will have dark matter and
baryon density profiles that do not peak at the center of the halo. Our aim is to
investigate if there is any relationship between rt and other halo properties.
Figure 7.1 shows the circularly averaged value of rt, per halo M200, for 209 halos.
There seems to be no mass dependence on the value of rt.
The left panel of Figure 7.2 shows the circularly averaged value of rt versus the time
since the last major merger of the halo for 179 halos. The time since the last major
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Figure 7.1: The circularly averaged, 2D projected transition radius plotted against the
halo virial mass, M200.
merger is defined as the time since the mass increased by at least 1/3. We note that
we only traced merger histories back to a redshift of z ∼ 2.5 to calculate the time since
the last major merger. Approximately 14%, or 30 halos, did not have a major merger
that met our criteria during this time. We plotted a histogram of the time since last
major merger for our halo set, seen in the right panel of Figure 7.2. From the left
panel of Figure 7.2, no correlation exists between the time since the last major merger
and rt. This supports the idea that when a merger occurs, the most bound, merging
particles quickly sink towards the center, but then do not change much dynamically in
the subsequent time. Said another way, the only event that significantly changes the
transition radius is a major merger. If rt did increase or decrease with time, we would
see halos with greater time since their last major merger have the largest or smallest
values of rt. This is supported with Figure 6.4 where we trace the mass history of halo
138 with its transition radius. Significant changes in the transition radius only followed
major mergers.
For our set of halos, we also did a calculation of rt for various position angle slices
around the projected halo, rt(θ), where we calculated rt(θ) in binned 20 degree slices (18
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Figure 7.2: Left) The circularly averaged, 2D projected transition radius plotted against
the time since the halo’s last major merger. Right) Histogram of the time since the last
major merger for 179 halos. Additionally, 30 halos did not have a major merger since
z ∼ 2.5.
total). We connected the rt(θ) points which created a boundary that looks elliptical.
This can be seen in Figure 7.3 where the black points represent rt(θ) plotted in the
center of the corresponding angular slice it was calculated. The solid contours show
baryon projected density and the dashed contours show dark matter projected density.
We further quantified a halo’s rt(θ) by defining a boundary that connected all the
rt(θ) plotted in Figure ??. We fit this boundary with an ellipse and then calculated
the deviations from a perfect ellipse as fourier expansion. The a4 coefficient is typically
used to describe the boxy or disky isophotes of galaxies, so we incorporated its use here.
The coefficients are defined by the deviation from a perfect ellipse given by
δR(θ) =
∞∑
n
(an cos(nt) + bn sin(nt)) (7.1)
where t is the ellipse parameter and is related to the polar angle, θ, by the semi major
axis, a, and the semi-minor axis, b, in the expression a tan θ = b tan t. For galaxies, the
first meaningful, non-negligible coefficient is a4 as n=0-2 terms define the ellipse itself,
and n=3 and b4 terms are close to zero.
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Figure 7.3: Projected density contours for dark matter (dashed) and baryons (solid) for
the center of halo 138. The black points represent rt(θ) plotted in their angular slice.
Figure 7.4 shows the a4 coefficients from an ellipse fitted to the boundary defined by
calculating rt for different angle slices in 2D projected density for our data set. The fit
was done with n=3-6 terms only. The distribution is similar to those seen in similar plots
of galaxy isophotes (Hao et al., 2006). However, the n=3 and b4 coefficients and some
higher order terms in the coefficient expansion have non-negligible values due to noise
in the boundary caused by rt(θ) values being greatly influenced by local substructure.
No correlation was found with a4 coefficient and M200 or time since last major merger.
While there are enough baryon particles to create smooth density profiles in halo
central regions, the dark matter particle spatial distribution can be clumpy, especially in
r . 5 kpc/h. This can be seen in Figure 7.3 that shows the projected density contours
for both dark matter (dashed) and baryon (solid) particles. For future work, we would
like to smooth the dark matter particles. We would apply a Gaussian filter to smooth
the dark matter particles and apply the same analysis above to the new dark matter
profiles. We do not anticipate much change to the circularly averaged rt value for a
halo, but the boundary defined by the rt(θ) values may be better fit with an ellipse,
generating new a4 coefficients.
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Figure 7.4: Histogram of halo a4 coefficients calculated for the boundary defined by
rt(θ) in each angle slice. a4 is then normalized by the ellipse semi major axis, a.
Chapter 8
Conclusion
Galaxy formation and evolution is a complex topic that includes multiple lines of re-
search, from chemical enrichment to large scale structure. We sought to understand
some of the aspects of dark matter halo evolution, mainly by investigating the physics
involved with mergers between halos.
As we show in Chapters 2 and 3, many, if not most of the systems described exhibit
non-monotonic changes in slope, or oscillations. Galaxies and clusters, whether observed
or simulated can be described collectively as dynamically evolved because they are the
result of evolution, either in the real universe, or in a computer. Monotonically changing
density profile slopes appear to be the exception rather than the rule in the very central
regions of observed and simulated galaxies and clusters, and pure dark matter halos.
Oscillations are also common in other types of systems, those that were obtained
starting from a distribution function of a differential energy distribution, such as the
isothermal sphere and DARKexp. Systems that do not have slope oscillations are mostly
those that were constructed that way: NFW, Einasto, Hernquist, etc.
We study the two classes of systems whose profile slopes do oscillate: systems based
on a physical principle or derivation (Class 1), and expressed in terms of f(E) or N(E),
which we call these physics-based, and dynamically evolved systems (Class 2). The two
types of oscillations appear to be unrelated, and can be superimposed in a single system.
Slope oscillations in the dynamically evolved systems occur at −2 . log(r/r−2) . 0,
while those in the relaxed, collisionless, physics-based systems (e.g. DARKexp) start at
smaller radii, log(r/r−2) . −2.
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We argue that slope oscillations in the dynamically evolved (Class 2) systems occur
because they are not fully relaxed. To support our claim, we show that adding a small
perturbation to the N(E) of a fully relaxed system, namely DARKexp, reproduces
the oscillating density profiles of observed and simulated systems. The fact that the
required modifications to N(E) are small and affect a small fraction of the systems’
energy distribution implies that these systems are close to being fully relaxed.
Non-monotonically changing density slopes (or oscillations) in physics-based systems
(Class 1) discussed in Chapter 2 have a different origin. It appears that a generic mono-
tonically changing f(E) or N(E) does not produce a monotonically changing density
slope. This conclusion is based on the behavior of the systems like isothermal spheres,
King profiles, certain polytropes, and DARKexp, as well as our (limited) exploration
of other functional forms for N(E). We are not claiming that all physics-based sys-
tems show density slope oscillation, but only that these are common. Focusing on the
density slope oscillations at small radii, we then ask if the magnitude of these oscilla-
tions can be predicted solely from the shape of the corresponding N(E). We devise a
metric to quantify density slope oscillations, and show that it is related to a property
of N(E), namely d log(N)/d measured at  = 0.8φ0. While the relation between the
two has some scatter, it does confirm our claim that density slope oscillations are the
consequence of the shape of N(E).
In Chapter 3, we compared a system’s properties, especially N(E), to those of
DARKexp, to better ascertain a system’s dynamical state. Recall the hierarchy of
states that a self-gravitating system can find itself in. Fully relaxed is not the same
as virialized, or being in Jeans (hydrostatic) equilibrium. A virialized system possesses
some global, or integral properties, but need not satisfy anything else. Jeans equilibrium
implies more than just the virial equilibrium, but it does not, strictly speaking, guarantee
that the system is even stable. Most galaxies and clusters, real and simulated, that have
a smooth circular/spherical or elliptical appearance over some prolonged period of time
are likely in stable Jeans equilibrium. But even that does not mean that they are fully
relaxed. The state of full relaxation means that the system is not only in a long term
stable equilibrium, but that it has also erased its formation and evolution history. While
determining if a system is in stable Jeans equilibrium is relatively easy (in simulations
and observations), it is difficult to know if it is relaxed. Comparison to DARKexp, a
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theoretically derived collisionlessly relaxed model, might be the best way to establish
that.
In the rest of our work, we sought to describe this halo relaxation state. First,
though, we compared an Illustris halo z = 0 properties to that of an isotropic halo with
no substructure in Chapter 4. We found that although the Illustris halo in question
has eccentricity and substructure, it produces similar N(L2) distributions to that of
a isotropic halo with no substructure. For the dark matter particles with the most
bound energies, we saw a nearly uniform N(L2) distribution. As particles became more
unbound, the distribution tended towards radially biased orbits. We also accounted for
the velocity anisotropy profile and were able to recreate energy distributions similar to
isotropic halos in that they had nearly uniform distributions in N(Lδ).
With the halo z = 0 structure described, we studied in Chapters 5 and 6 the dy-
namical evolution of an Illustris galaxy by tracking the redistribution of particle energy
and angular momentum during and after the merger process, with the main goal of
understanding how a system moves towards a relaxed state. To our knowledge, this is
the first study that addresses relaxation by comparing a galaxy’s energy distribution to
that of a theoretical prediction for fully relaxed collisionless systems.
We split the halo’s merger history into 3 phases, based on key merger events (see
Figure 5.1). Within each of the phases, we followed the dark matter particles from
a major merger around z = 2, which we call Set A particles, and calculated their
changes in energies and angular momenta. Across two major mergers, we found that
dark matter particles generally moved to more bound energies, whereas their change
in angular momentum was situation specific and related to which population a particle
belonged to, merging halo or main halo. Particles tended to lose L2 when merging
with a larger halo, and gain L2 when they were a part of the main halo. In the final
phase, which started after the last major merger, the particles showed a near symmetric
distribution about zero change in L2, indicating that at least some subset of them are
well mixed.
Motivated by this observation, we then proceed to look for other, more direct sig-
natures of particle mixing and galaxy relaxation, both in dark matter only, and dark
matter plus baryon systems. In the case of dark matter, we compared the Set A par-
ticles’ N(L2) and N(E) distributions to those of the main halo dark matter particles
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with which they were merging. We found the two populations to be well mixed in L2
for energies that are more bound than ≈2/3 the halo’s most bound energy at z = 0.
To assess mixing in energy, we calculated the difference in the shape of logarithmic
energy distributions of the two sets. We reasoned that given enough time, these two
distributions will become the same. In fact, the difference between the two is steadily
decreasing as we move towards the present, although at z = 0 they are still not the
same as seen in Figure 5.6.
The time evolution can be characterized by two timescales. The first describes the
epoch during Merger 1 when there is a rapid convergence between the two distribution
shapes, as the two halos are merging. It lasts approximately 1 Gyr during which the
average difference in the energy distributions drops by ∼80% of its initial value. During
a second, longer timescale, the two distributions steadily move towards each other, but
at a much slower pace, lasting from the end of the initial major merger to present,
or about 8.5 Gyrs. During this time the average difference in the energy distributions
drops by ∼50%. The boundary between these timescales is the completion of the initial
major merger of the system. While the dynamical timescale is often used to represent
the time frame of relaxation, we have directly measured the mixing time by comparing
the shapes of dark matter energy distributions of the two merging systems (Figure 5.6).
To gauge the degree of relaxation, we compared halo’s energy distribution to a
theoretical model for relaxed collisionless systems, called DARKexp. We found that
the difference between the two distributions decreases after the initial major merger,
implying that the dark matter particle population is becoming more relaxed over time
(Figure 5.8). The timescale is similar to that found for mixing, and consistent with the
fact that mixing and relaxation are driven by the same dynamics: interactions with the
global time-varying potential for energy, and torques caused by asymmetries for angular
momentum.
Next, we considered relaxation and mixing of the whole system, consisting of dark
matter and baryons. First, we did a similar analysis as before. We compared the energy
distribution of total matter to DARKexp, and found that after the last major merger,
there is a marked trend in time of decreasing average difference between the shapes
of the two distributions (Figure 6.2). This indicates that the halo is relaxing, when
contrasted with its initial post-merger configuration.
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Second, we have investigated the mixing of baryons with dark matter. From the
energy distributions of dark matter and baryons as well as their spatial distributions,
it is apparent that baryons are found at deeper potentials. This may not be surprising
given our knowledge of galaxy formation, with gas cooling and sinking to the center,
where stars are then formed. One might expect dark matter and baryons to mix and
relax, as was the case with Set A particles and the main halo. However they have not
mixed, as seen in Figure 6.1. The reason for this lack of mixing between dark matter and
baryons (and between the most bound and less bound dark matter particles) appears to
stem from particles’ varying degrees of ability to exchange energy with the halo. There
is a difference in the fractional change in energy experienced by the most and least
bound particles. During violent, collisionless relaxation, only a small fractional change
in energy is imparted to the most bound particles, whereas less bound particles achieve
greater fractional changes in energy. We propose that this is in part due to the length
of time a particle is exposed to the global time-varying potential. During a merger,
the most bound particles of the merging halo tend to fall quickly towards the center,
aided by dynamical friction, whereas less bound particles get tidally stripped and spend
longer times at mid to large radii, and therefore are exposed to the fluctuating global
potential for longer, allowing for more energy redistribution.
This is especially pronounced with stars, as they are preferentially found at the
most bound energies when compared to dark matter. This distinction has implications
for the distribution of matter in the central regions of galaxies, where it is manifested
as an oscillation in the density profile slope, marking the transition between the dark
matter dominated larger radii and the baryon dominated smaller radii. Also, because
the baryon-dark matter transition radius has not changed much for the last 8 Gyrs, we
speculate that baryons and dark matter will not mix for a long time in the future.
Finally in Chapter 7, we looked at the transition radius across the 250 most massive
halos in Illustris-1 at z = 0. We found no correlation of the value of rt with halo mass.
We looked for a link between rt and formation history by looking at the time since the
last major merger and found that there was no correlation as well. This supports our
earlier findings in Chapter 6 where the value of the transition radius does not change
drastically over several Gyrs. We believe this is due to the behavior of the most bound
particles which, during a merger, quickly sink in the potential and then do not change
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dynamically.
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